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Pre-class conversations

e Last class recapitulation
e Organizational matters:

— Does every one receive Piazza messages?
— Preliminary posting of slides internally on Piazza ("unedited version")
« Office hours: Usually right after class, or via email / Teams. Also feel

free talk to me regularly during break/ after class about project
ideas, or papers/research directions to include towards the end

e New class arrivals

e Today:
— The basics of probability theory

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Basics of
orobability theory

Following slides are built upon examples by Jay Aslam from earlier editions of this class. The notation follows
mostly the one from "Bertsekas, Tsitsiklis. Introduction to Probability, 2008. http://www.athenasc.com/probbook.html "
This is a solid textbook on probability theory and | regularly find myself going back to this book to look up basic
concepts. Working through chapter 1 on "Sample Space and Probability" is a good investment of your time.

https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1:
* Arandom experiment roll a fair die with 6 sides
« Sample space (): set 0= f?
of all possible outcomes

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

}
PROBABILITY EXAMPLE 1: §) o’ ;’
* Arandom experiment roll a fair die with 6 sides
e Sample space (): set O =1{1273,4,5,6}
of all possible outcomes
* An outcome w € () of the exp. ?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1: §)
* Arandom experiment roll a fair die with 6 sides
* Sample space (): set O =1{1273,4,5,6} W
of all possible outcomes Say the outcome is a 1
* An outcome w € () of the exp.
* Event E: a subset of the ?
samplespace E € (), F € X 0

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1: §)
* Arandom experiment roll a fair die with 6 sides
e Sample space (): set O =1{1273,4,5,6} W
of all possible outcomes Say the outcome is a 1
* An outcome w € () of the exp. _
* Event E: a subset of the E,=">3" ?

samplespace E € (), F € X

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1:

* Arandom experiment roll a fair die with 6 sides
O =1{1273,4,5,6}
Say the outcomeisa l

bset of th - = {2,4, 6}
 Event E: a subset of the _onsqn
samplespace E €, E € X k=723 3,4, 5, 6}

* Probability measure:

?

* Sample space (): set
of all possible outcomes

* An outcome w € () of the exp.

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1:

* Arandom experiment roll a fair die with 6 sides
O =1{1273,4,5,6}
Say the outcomeisa l

bset of th - = {2,4, 6}
 Event E: a subset of the _onsqn
samplespace E €, E € X k=723 3,4, 5, 6}

* Probability measure:

PrO=—01]
?

* Sample space (): set
of all possible outcomes

* An outcome w € () of the exp.

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1: Q
* Arandom experiment

e Sample space (: set
of all possible outcomes

* An outcome w € () of the exp.

O =1{1,2,3,45,6} W
Say the outcomeisa l

£y ="even" = {2, 4, 6} E
e Event E: a subset of the £, =">3" ={3,4,5,6) 1
sample space E € (), F € X 2T = » 9y

* Probability measure:

EXAMPLE 2:

P:X¥ — [0, 1]

A probability measure assigns probabilities to events (sets of outcomes),
instead of individual outcomes. Thus, its domain is X, the collection of
events (not (2, the collection of outcomes: £ = P (Q)). Intuitive reason:
continuous random outcomes. The probability of each outcome is 0, and
we need to be able to reason about intervals.

The set X of all events E € X is a 0-algebra, basically a subset of the
power set 2, except for some pathological non-measurable sets like the

roll a fair die with 6 sides \

Vitali-Set (https://www.youtube.com/watch?v=hs3eDa3 DzU). See also: | _
https://en. wikipedia.org/wiki/%CE%A3-algebra 02={1,2,3} 0O Ya

Source of figure to the right: https://en.wikipedia.org/wiki/Probability _measure

Y2

Ya

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1: §) K ::
* Arandom experiment roll a fair die with 6 sides \
e Sample space (): set O =1{1273,4,5,6} W

of all possible outcomes

0 of th Say the outcomeisal
An outcome w € Q of the exp. £, = "even” = {2, 4, 6) E, &
* Event E: a subset of the — nsn
samplespace E C O, E € X k=723 13, 4,5, 6] E,
* Probability measure:

EXAMPLE 2:

P: % — [0, 1]

1) Nonnegativity: P(E) = 0,VE € X
2) Normalization: IP(Q)) = 1 (something happens)

3) Additivity: if E; and E, are disjoint events,
/‘ then P(E,UE,) = P(£,) + P(E,)

i)

0={1,2,3} O % % 34 1
Source of figure to the right: https://en.wikipedia.org/wiki/Probability _measure

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 11
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From that follows: P(@) = 0, P(E€) =1 — P(E)
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1: §)
* Arandom experiment roll a fair die with 6 sides
e Sample space Q: set O =1{1273,4,5,6} W
of all possible outgclorr]:e.:] Say the outcome is a 1 1
An outcome w € () of the exp. _ — (2,4, 6) 5
* Event E': a subset of the T L
sample space EC (O, E € X By =723 3,4, 5,6}
* Probability measure: short for P({w})
P:% — [0,1] e If P(w) = o Vo € Q, then P(F) = ?

QI

1) Nonnegativity: P(E) = 0,VE € X
2) Normalization: P(Q)) = 1 (something happens)

3) Additivity: if E; and E, are disjoint events,
/‘ then P(E,UE,) = P(£&,) + P(E,)

What counts as a valid probability measure.
From that follows: P(@) = 0, P(E€) =1 — P(E)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1: §)
* Arandom experiment roll a fair die with 6 sides
e Sample space Q: set O =1{1273,4,5,6} W
of all possible outcomes Say the outcome is a 1 1
* An outcome w € () of the exp. _ — (2,4, 6)
* Event E': a subset of the N L 4
sample space E € O, E € X bp="23 3,4, 5, 6}
* Probability measure: short for P({w})
P:% — [0, 1] e If P(w) =|—£12|,Va) € Q, then P(E) =
1) Nonnegativity: P(E) = 0,VE € X _ _ _1
2) Normalization: IP(Q)) = 1 (something happens) P(l) o [P)(Z) o - IP)(6) 6
3) Additivity: if E; and E, are disjoint events,
/‘ then P(E, UE,) = P(E,) + P(E,) P = ?
What counts as a valid probability measure. [P(EZ) = u

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Sample space / outcomes / events / probability

PROBABILITY EXAMPLE 1:
* Arandom experiment roll a fair die with 6 sides
e Sample space Q: set O =1{1273,4,5,6}
of all possible outcomes Say the outcome is a 1
* An outcome w € (1 of the exp. _ — (2,4, 6)
* Event E: a subset of the _ _ {3, 4' 5, 6)
samplespace E € (), E € X S
* Probability measure: short for P({})
P:X — [0,1] e If P(w) = ﬁ Yw € (, then IP(E) =
1) Nonnegativity: P(E) = 0,VE € X _ _ _1
2) Normalization: P(Q)) = 1 (something happens) P(l) o [P)(Z) o o IP)(6) 6
/ Y fen PULUE) ~ D P o P(£y) = P(2) + P(4) + P(6) =2 =
What counts as a valid probability measure. P = é — E
6 3

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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PROBABILITY EXAMPLE 3:
* Arandom experiment roll two fair dice with 6 sides
* Sample space (): set 0=
of all possible outcomes ?

* An outcome w € () of the exp.

Q] =
* Event E: a subset of the
samplespace E € (), F € X

* Probability measure:
P:X - [0,1]

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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PROBABILITY EXAMPLE 3: « N -
* Arandom experiment roll two fair dice with 6 sides
* Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all pOSSIble outcomes — {(1’1)’ (1,2)’ (1,3) (1,6), (2,1), (2’2)’ (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
samplespace E € (), F € X ;
* Probability measure: first die ;
P:X - [0,1] 5
6

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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)
' /
PROBABILITY EXAMPLE 3: RO
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all pOSSIble outcomes — {(1’1)’ (1,2)’ (1,3) (1,6), (2,1), (2’2)’ (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
1 (1,1)(1,2)[(1,3)/(1,4)(1,5)|(1,6)
samplespace E € (), F € X > il seaeee
° ili . : ‘'~ 3 (3,1)1(3,2)((3,3)(3,4)[(3,9)((3,6)
IPP)r.oZbablIl(’gylmeasure. first die alaslia sl
X - [0,1] 5 (1515253545559
6 [(6.1)16.2(6.3)(6.4)(6,5)(6.6)

P — [

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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* 4
PROBABILITY EXAMPLE 3: S ‘ ‘
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all possible outcomes ={(1,1),(1,2),(1,3) ...(1,6), (2,1),(2,2), ... (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
C 1 1(1,1)(1,2)/(1,3)/(1,4).(1,5)(1,6)
samplespace E € (), F € X > (21223 2 oS
° ili . : ‘a3 13,1)3,2)(3,3)(8,4)(3,9)/(3,6)
Pr.obablllty measure: first die e e
P:X - [0,1] 5 |(5,1)[B:2)(5.3) (5.4) (5.5 (5,6)
6 |6.4)(6.2)(6.3)(6.4)(6,5)(6.6)
= {(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)}
=6
P |E1| 6 — 1
Q] ~ 36 6
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 18
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PROBABILITY EXAMPLE 3: o’ /
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all pOSSIble outcomes — {(1’1)’ (1,2)’ (1,3) (1,6), (2,1), (2’2)’ (6,6)}
* An outcome w € () of the exp. _
10| = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
C 1 (1,1)(1,2)[(1,3)/(1,4)(1,5)|(1,6)
samplespace E € (), F € X > il seaeee
* Probability measure: first die Ej];gggjgimggigg;
P:X - [0,1] 5 |(5.1)((5.2)/(5.3)((5.4)/(5.5),(5.6)
6 |(6.1)1(6.2(6.3)\(6.4)(6,5)(6.6)
E, = "total is greater than 8"
\Ey| = ?
|E2|
P(E,) = o
(Ey) =2
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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PROBABILITY EXAMPLE 3:
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
Of a” pOSSIble outcomes — {(1’1)’ (1,2)’ (1,3) (1,6), (2,1), (2’2)’ (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
e Event E: a subset of the 1 2 3 4 5 6
1 {(1,11(1,2)[(1,3)[(1,4)[(1,5)|(1,6)
samplespace E € (), E € X > il seaeee
* Probability measure: firstdie 5 e dle ellas
P:% — [0,1] 5 |(5,1)(5.2)(5.3)/(5.4),(5.5)(5.6)
6 |6.1)6.2)((6.3)((6.4)((6.5)/(6.6)

E, = "total is greater than 8"
"totalis9 or 10 or 11 or 12"

|E>| =

|E2|

P(E,) =%

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 20
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()
PROBABILITY EXAMPLE 3: ot / -
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all pOSSIble outcomes — {(1’1)’ (1’2)’ (1,3) (1,6), (2,1), (2’2)’ (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
1 1(1,1](1,2){(1,3){(1,4)[(1,5)[(1,6)
samplespace E € (), E € X > b2l sl e
* Probability measure: first die 3 [BAUS2USI)G,
4 ((4,1)[(4,2)[(4,3)
P:X - [0,1] 5 |(5.1)5.2)[5.3
6 |(6,1)(6,2)

E, = "total is greater than 8"
"totalis9 or 10 or 11 or 12"

!
|E>| = 4

|E2|
1|

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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()
PROBABILITY EXAMPLE 3: ot / -
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all pOSSIble outcomes — {(1’1)’ (1,2)’ (1,3) (1,6), (2,1), (2’2)’ (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
1 [(1,D[(1,2)[(1,3)I(1,4)l(1,5)[(1,6)
samplespace E € (), E € X > olalsledn s
* Probability measure: first die 3 [B:13:2/3.3)/34)(35)|36
4 ((4,1)[4,2)|(4,3)|(4,4)l(4,5
P:X - [0, 1] 5 [(5,1)](5,2)(5.3)|(5.4 5,6
6 |(6,1)1(6.2)((6.3)I(6:4)i(6.5)|(6.6

E, = "total is greater than 8"
"totalis9 or 10 or 11 or 12"

I
|E,| = 4 + 3

E
P(E,) = o2

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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()
PROBABILITY EXAMPLE 3: ot / -
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all pOSSIble outcomes — {(1’1)’ (1,2)’ (1,3) (1,6), (2,1), (2’2)’ (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
1 [(1,D[(1,2)[(1,3)I(1,4)l(1,5)[(1,6)
samplespace E € (), F € X > olalsledn s
* Probability measure: first die 3 [SNIC2ACINSANSIHEO)
4 ((4,1)[(4,2)[(4,3)|(4,4)l(4,5)|(4,6
P:% —[0,1] 5 (5,1)<5,2)(5,3)<54>W
6 |(6,1)1(6.2)1(6.3)((6.4)i(6,5)I(6.6)

E, = "total is greater than 8"
"totalis9 or 10 or 11 or 12"

Lol
B, = 4 + 3 + 2

|E2|
1|

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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PROBABILITY EXAMPLE 3: K -
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all possible outcomes = {(1,1),(1,2), (1,3) ... (1,6), (2,1), (2,2), ... (6,6))
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
1 [(1,D[(1,2)[(1,3)I(1,4)l(1,5)[(1,6)
samplespace E € (), F € X S I
* Probability measure: firstdie J tde o iaslias
P:x - [0,1] 5 [(5.1)(5.2)(5.3)(6.A)(5.5)(56
6 [6.1)6.2(6.3)(6.4) (6,5)H

E, = "total is greater than 8"
"totalis9 or 10 or 11 or 12"

!
E,| = 4+3 +2 + 1

|E2|
1|

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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PROBABILITY EXAMPLE 3: ot /
* Arandom experiment roll two fair dice with 6 sides
« Sample space (): set 0=1{1,234,56}x1{1,2,3,4,5,6}
of all possible outcomes ={(1,1),(1,2),(1,3) ...(1,6), (2,1),(2,2), ... (6,6)}
* An outcome w € () of the exp. _
Q0] = 36 second die
* Event E: a subset of the 1 2 3 4 5 6
1 1(1,1](1,2){(1,3){(1,4)[(1,5)[(1,6)
samplespace E € (), F € X > olalsledn s
N il . : ‘'~ 3 (3,1)](3,2)(3,3)](3,4)((3,9)[(3,6)
Pr.obablllty measure: first die sl
P:% —[0,1] 5 [15.1]5.253)|54)5.5)5)
6 6.1)(6.2(6.3)l6.4)(6.5)(6.6)
E, = "total is greater than 8" additivity of

"totalis9or 10 or 11 or 12" disjoint events

ool
B, = 443 +2+1=10

|E,] _ 10 _ 5
Q] 36 18

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Conditional Probabilities
/ Independence
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Conditional probability

DEFINITION EXAMPLE 4

Conditional probability IP(A4|B) (FAIR 16-SIDEDXDIE):
is the probability that event A

occurred, given that event B

occurred

Q=1{12,..,16}

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 30
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Conditional probability 0

DEFINITION EXAMPLE 4 \|1 2356710 »

Conditional probability IP(A4|B) (FAIR 16-SIDEDXDIE):
is the probability that event A

occurred, given that event B

occurred

Q=1{12,..,16)

A = "divisible by 4" = {4, 8,12, 16} Our colorful hands
; ; reprqsewj‘ team
B = "center numbers” = {8, 9} exercises” If we are
ovlive, please make a
sereenshot!

P(A|B) = ?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 31
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Conditional probability 0

DEFINITION EXAMPLE 4 \|1 2356710 »

Conditional probability IP(A4|B) (FAIR 16-SIDEDXDIE):
is the probability that event A

occurred, given that event B

occurred

Q={1,2.,16 “ b
A = "divisible by 4" ={4,8,12, 16}
B = "center numbers" = {8, 9}

P(A|B) = %

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 32
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Conditional probability 0

DEFINITION EXAMPLE 4 \|1 2356710 »

Conditional probability IP(A4|B) (FAIR 16-SIDEDXDIE):
is the probability that event A

occurred, given that event B

occurred

Q={1,2.,16 “ b
A = "divisible by 4" ={4,8,12, 16}
B = "center numbers" = {8, 9}

P(A|B) =

P(B)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 33
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Conditional probability 0

DEFINITION EXAMPLE 4 \|1 2356710 »

Conditional probability IP(A4|B) (FAIR 16-SIDEDXDIE):
is the probability that event A

occurred, given that event B

occurred

Q={1,2.,16 “ b
A = "divisible by 4" ={4,8,12, 16}
B = "center numbers" = {8, 9}

P(A,B)
P(B)

P(A|B) =

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 34
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Conditional probability 0

DEFINITION EXAMPLE 4 \|1 2356710 »

Conditional probability IP(A4|B) (FAIR 16-SIDEDXDIE):
is the probability that event A

occurred, given that event B

occurred

Q={1,2.,16 “ b
A = "divisible by 4" ={4,8,12, 16}
B = "center numbers" = {8, 9}

P(A,B)
P(B)

P(A|B) =

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 35
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Conditional probability 0

DEFINITION EXAMPLE 4 \|1 2356710 »

Conditional probability IP(A4|B) (FAIR 16-SIDEDXDIE):
is the probability that event A
occurred, given that event B

occurred B
_~P(ANB) A=1L2..,16]
P(4, B) = = {4,8,12,16}
P(A|B) = P(B) B = "center numbers" = {8, 9}
— 1
s D &
T P(A|B) = )
= P(5) 2
16

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 36
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Independence

DEFINITION:

Two events are independent if
the probability that one occurred
is not affected by knowledge that
the other occurred.

P(A|B) = P(4) (if P(B) # 0)
P(B|A) = P(B) (if P(A) # 0)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

DEFINITION:

Two events are independent if
the probability that one occurred
is not affected by knowledge that
the other occurred.

(if P(B) # 0)
(if P(A) # 0)

P(A|B) = P(A)
P(B|A) = P(B)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

EXAMPLE 1 (CONTINUED): Q 7% o 4

roll a fair die with 6 sides \
the outcomeisal W

Q={1,2,3,4,5,6) 1

= = {2, 4, 6} 2
B=">3" ={3,4,5,6)
B
Are A and B independent ?
38
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Independence

DEFINITION: EXAMPLE 1 (CONTINUED):
Two events are independent if roll a fair die with 6 sides
the probabity that one occurted  the outcome s a1
the other occurred. 0=1{1,23,45,6}

= = {2, 4, 6}
P(A|B) = P(4) (ifP(B) # 0) = ={3,4,5, 6}

P(B|A) = P(B) (if P(A) # 0)

avd B are independent '

P =1

2
_PU4B) _1
~ P(B) 2

P (Al

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

DEFINITION: EXAMPLE 1 (CONTINUED):
Two events are independent if roll a fair die with 6 sides
the probabity that one occurted  the outcome s a1
the other occurred. 0=1{1,23,45,6}

= = {2, 4, 6}
P(A|B) = P(4) (ifP(B) # 0) = ={3,4,5, 6}

P(B|A) = P(B) (if P(A) # 0)

avd B are independent '

P =1

2
_PU4B) _1
~ P(B) 2

P (Al

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

DEFINITION:

Two events are independent if
the probability that one occurred
is not affected by knowledge that
the other occurred.

P(A|B) = P(A)
P(B|A) = P(B)

(if P(B) + 0)
(if P(A) + 0)

Also see orthogonality in CS: "Orthogonality in programming
language design is the ability to use various language features in
arbitrary combinations with consistent results.This usage was
introduced by Van Wijngaarden in the design of Algol 68: 'The
number of independent primitive concepts has been minimized in
order that the language be easy to describe, to learn, and to
implement. On the other hand, these concepts have been applied
‘orthogonally” in order to maximize the expressive power of the
language while trying to avoid deleterious superfluities.' "
https://en.wikipedia.org/wiki/Orthogonality#Computer science

=] ‘.."
EXAMPLE 1 (CONTINUED): §) K :‘
roll a fair die with 6 sides \
the outcomeisa 1l W
Q={1,2,3,4,5,6) 1
A ="even" = {2, 4, 6} A
B ="=3" ={3,4,5,6}
B
A and B are independent '
: P(B) =z
P(A) =3 113 5
P(A4, B) 1 1
P(A|B) = P 2 P(A) = > 2 4 6

Think about a coordivate system: x
and \ are independent

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 41
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Independence

DEFINITION: CLAIM
Two events are independent if Two events A and B are independent if and only if
the probability that one occurred P(ANB) = P(A4) - P(B)

is not affected by knowledge that

the other occurred.
PrRoOOF (assuming P(4) # 0, P(B) # 0)

P(A|B) = P(4) (if P(B) # 0) f?
P(B|A) = P(B) (if P(A) # 0) -

Recall the definition of cond. prob.:

P(A, B)
P(B)

P(A|B) =

43

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

DEFINITION: CLAIM
Two events are independent if Two events A and B are independent if and only if
the probability that one occurred P(ANB) = P(A4) - P(B)

is not affected by knowledge that

the other occurred.
PrRoOOF (assuming P(4) # 0, P(B) # 0)

P(A|B) =P(4) (ifP(B) # 0) (=) If P(A|B) = P(A):
P(B|A) = P(B) (if P(4) # 0) P,
(<) If P(ANB) = P(A) - P(B) :
Recall the definition of cond. prob.: ?
P(A|B) = P(4, B) -
P(B)

44
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Independence

DEFINITION: CLAIM
Two events are independent if Two events A and B are independent if and only if
the probability that one occurred P(ANB) = P(A4) - P(B)

is not affected by knowledge that

the other occurred.
PrRoOOF (assuming P(4) # 0, P(B) # 0)

P(A|B) =P(A) (if P(B) # 0) (=) If P(A|B) = P(A):
P(B|A) = P(B) (if P(A) # 0) Then P(4,B) = P(A|B) - P(B) =P(4) - P(B)

(<) If P(4,B) = P(4) - P(B) :
M — ]P)(A)'M) — P(A)

Recall the definition of cond. prob.: — —
| P(A|B) POB) M
P(A|B) = P4, 5)
|B) = P(B) #0

45

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

DEFINITION:

Two events are independent if
the probability that one occurred
is not affected by knowledge that
the other occurred.

P(A|B) = P(4) (if P(B) # 0)
P(B|A) = P(B) (if P(A) # 0)

Recall the definition of cond. prob.:

P(A, B)
P(B)

P(A|B) =

Commonly used as defivition of independence because i+ is slightly more geveral: if

one event has probability 0 thew the statement holds vacuously (while ove

conditional probability is undefined). And if both are wot D, thenm we just proved

DEEINITION: that to be equivalewt o the earlier defivition.

Two events 4 and 5 are independent &
P(ANB) = P(A) - P(B)

PrRoOOF (assuming P(4) # 0, P(B) # 0)

(=) If P(A|B) = P(A):
Then P(4,B) = P(A|B) - P(B) = P(4) - P(B)

(<) If P(4, B) = P(A) - P(B) :
P(4B) _ P(A)BLE)
IP(A|B)=% - w = P(4)

+0

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

DEFINITION:

Two events 4 and B are
independent if

P(ANB) = P(A) - P(B)

o .‘ ': o .‘ ':
X 4 )
EXAMPLE 3 (CONTINUED): AN

roll two fair dice with 6 sides
0=1{1,234,56}x%x{1,2,3,4,5, 6}
A="15rollis 1"

B ="sumis 7"

Are A and B independent? ?

Example adapted from example 1.19 of [Bertsekas, Tsitsiklis. Introduction to probability, 2nd ed, 2008]

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

% ) .‘ " L “ '
DEFINITION: EXAMPLE 3 (CONTINUED): FL 0t e
Two events A and B are roll two fair dice with 6 sides
independent if 0=1{1,23,4506}x{1,2,3,4,5,6}

P(ANB) = P(4) - P(B) A="15rollis 1"

B = "sumis 7"

Are A and B independent?

P(A)= 7

P(B)= 7

P(AB)= ‘7

Example adapted from example 1.19 of [Bertsekas, Tsitsiklis. Introduction to probability, 2nd ed, 2008]
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence

DEFINITION:

Two events 4 and B are
independent if

P(ANB) = P(A) - P(B)

W A4
EXAMPLE 3 (CONTINUED): ‘ oW o W
roll two fair dice with 6 sides
0=1{1,234,56}x%x{1,2,3,4,5, 6}
A ="15trollis 1"
B = "sumis 7"
Are A and B independent?
second die
P(A) = % (00200,
2222 SHZ6)
P(B) = = first die ) | eslie s eaee)
6 5 |(501)(5,21(5,3)/(5.4)((6.5)(5.6)
P(A,B) = ? 1 6 (1(6-116.2).(6,3)\(6.4),(6.5)/(6.6)

Example adapted from example 1.19 of [Bertsekas, Tsitsiklis. Introduction to probability, 2nd ed, 2008]

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Independence S oo
3 " S "
DEFINITION: EXAMPLE 3 (CONTINUED): oW o W
Two events 4 and B are roll two fair dice with 6 sides
independent if 0=1{1,23,4506}x{1,2,3,4,5,6}
P(ANB) = P(4) - P(B) PR
B ="sumis 7"
Are A and B independent?
second die
P(A) = & 2
— 1C1(1,11(1,2)[(1,2)|(1,4)|(1 ,
6 2 ey <
i : ,I3,2)873)1(3,443,5) (3,6
P(B) = = first die ; |, waiesmale s
6 SRR
1 , ; ; ; ;
P(4,B) = v 7

Yes: P(ANB) = P(A) - P(B)

Example adapted from example 1.19 of [Bertsekas, Tsitsiklis. Introduction to probability, 2nd ed, 2008]
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Chain rules

https://northeastern-datalab.github.io/cs7840/fa26/
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Chain Rule

DEFINITION:
P(A,B) =P(A) -P(B|A)

P(A4,B,C) = ?

Recall the definition of cond. prob.:

P(4, B)

P(A|B) = BB

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Chain Rule

DEFINITION:

P(4,B) =P(4) -P(B|A)

\ \ \ l \
P(A,B,C) = P(4,B) - P(C|4,B)
E E E

Just treat ANB as a vew event E
P(4,B,C) = P(A) - P(B|A) - P(C|A, B)

Recall the definition of cond. prob.:

P(4, B)
P(B)

P(A|B) =

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

ANB
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Bayes' law
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Bayes' Law

DEFINITION

Conditional probability IP(A4|B)
is the probability that event A
occurred, given that event B

occurred (defined if P(B) # 0)

P(A, B)
P(A|B) = BB
P(A, B
P(B|A) = 11(3(,4))

P(4,B) = P(B|A) - P(4)

= P(A|B) - P(B)

BAYES' LAW

P(A|B) =

P(B|A) - P(A)

P(B)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Bayes' Law
DEFINITION EXAMPLE 4:

Conditional probability IP(A4|B)
is the probability that event A
occurred, given that event B

occurred (defined if P(B) # 0)

Q=1{12,..,16}

P(A, B)
P(A|B) = BB
P(A, B
P(B|A) = HE(A))

P(4,B) = P(B|A) - P(4)

?

= P(A|B) - P(B)

BAYES' LAW

P(A|B) =

P(B|A) - P(A)

P(B)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Bayes' Law

DEFINITION EXAMPLE 4:

Conditional probability IP(A4|B)
is the probability that event A

occurred, given that event B
occurred (defined if P(B) # 0)

Q=1{12,..,16}

P(A,B)
P(A|B) = PB)
P(4,5) BAYES' LAW
P(B|A) = PA)
P(B|A) - P(A)
P(A|B) = P(B)
1 1 1
P(A,B) = P(B|A) - P(A) = 7 ==
= P(A|B) - P(B)=7 "% =

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
* prevalence of Zika (Z) in Florida is 10 (1 in 100k)

e accuracy of blood test is 99%

* A patient has a positive test. .
What is the chance they have Zika? but first: what are A and B

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
* prevalence of Zika (Z) in Florida is 10 (1 in 100k)

* accuracy of blood test is 99% blood test positive (B)
B B
* A patient has a positive test. atient has Z
What is the chance they have Zika? %ka (Z) 7
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Bayes' Law ("Base rate fallacy proble

EXAMPLE 5: Zika in Florida in 2016
* prevalence of Zika (Z) in Florida is 10 (1 in 100k)

e accuracy of blood test is 99%

ul

blood test positive (B)

* A patient has a positive test. ? patient has Z [P(B

What is the chance they have Zika? . Zka(Z) » P(B

B B
7) = 0.99 |P(B|Z) = 0.01
7) = 0.01 |P(B|Z) = 0.99
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
* prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B) ﬁ?lgjﬂ Ve
. e, o B B
* A patient has a positive test. ? patient has Z [P(B[Z) = 0.99 |P(B|Z) = 0.01

What is the chance they have Zika? . Zka(Z) » P(B|Z) = 0.01 |P(B|Z) = 0.99

We don't want P(B|Z) = 0.99, but rather IP(Z|B) f>[5@ positive

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
e prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
B B
* A patient has a positive test. - _ D17 —
) , patienthas Z |IP(B|Z) = 0.99 |[P(B|Z) = 0.01
What is the chance they have Zika? Zka (Z) Z|P(B|Z) = 0.01 |P(B|Z) = 0.99

We don't want P(B|Z) = 0.99, but rather IP(Z|B)

P(B,Z)  P(B|Z) P(Z)

P(B) f?

P(Z|B) =

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
e prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
: " B B
* A patient has a positive test. patient has Z | P(B|Z) = 0.99 |P(B|Z) = 0.01

What is the chance they have Zika? Zka (Z) Z|p(B|Z) = 0.01 |P(B

7) = 0.99

We don't want P(B|Z) = 0.99, but rather P(Z|B) /T welghted

P(B,Z)  P(B|Z)-P(2)
P(B)  P(B,Z)+P(B,7Z)
?

total probability theorem P (B|Z) - P(Z)

Z B(an jz
BNZ

P(Z|B) =
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
e prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
B B
* A patient has a positive test. tienthas ZIP(BIZ) = 099 IP(B12) = 0.01
What is the chance they have Zika? E?k;e?z)asz_ IPEB:Z% _ 0:01 IIP’EE’ Z_g — 0:99
We don't want P(B|Z) = 0.99, but rather P(Z|B) P4 weighted
P(Z|B) = P(B,Z) P(B|Z) - P(Z) B 0.99 - 107>
P(B)  P(B,Z)+P(B,Z)  099-105+0.01-(1—1075)
-5 -5
total probability theorem  P(B|Z) - P(Z) ~ 10 ~ 10 —1073|=0.1%
- 7 _ _ 10>+ 0.01 1072
g BNZ A P(B|Z) - P(Z) \
BﬂZ 10—2
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016

e prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)
blood test positive (B)

e accuracy of blood test is 99%

B B
* Assume 10M people in FL. tient has 7
Complete the numbers! ? E?k;e?Z)aSZ‘ - ? i ?
P(Z|B) =~ 0.1%
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
* prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
| B B
* Assume 10M people in IFL. patient has Z 100
Complete the numbers! Zka (Z) 7 9,999,900

P(Z|B) =~ 0.1%
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
e prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
| B B
* Assume 10M people in FL. P(B|Z) = 99% patient has Z 1 100
Complete the numbers! P(B|Z) = 99% Zika(Z) 7 9,999,900

P(Z|B) =~ 0.1%

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
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Bayes' Law ("Base rate fallacy problem")
EXAMPLE 5: Zika in Florida in 2016

e prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

e accuracy of blood test is 99%

* Assume 10M people in FL.
Complete the numbers!

P(B|Z) = 99% patient has Z
P(B|Z) =99% Zka(Z) 7

blood test positive (B)

B

B

1 100

99,999

9,899,901 9,999,900

P(Z|B) =~ 0.1%

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
e prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
B B

I 1 100
99,999IJ 9899901 | 9,999,900

* Assume 10M peoplein FL.  p(B|2) = 999 patient has Z
Complete the numbers! P(B|Z) = 99% Zika(Z) 7

100,098

P(Z|B) = 0.1%
probability that:
a positive test s correct

9,899,902
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
 prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
, B B
* Assume 10M people in FL. P(B|Z) = 99% npatient has Z 1 100
Complete the numbers! P(B|Z) =99% Zka(Z) 7 99,999 9,899,901 | 9,999,900
100,098 9,899,902
P(B|Z) - P(Z) + P(B|Z) - P(Z) = 99% P(Z|B) =~ 0.1%
probability that a random == | probability that:
test Is correct a positive test s correct

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 70
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016
 prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

* accuracy of blood test is 99% blood test positive (B)
, B B
* Assume 10M people in FL. P(B|Z) = 99% npatient has Z 1 100
Complete the numbers! P(B|Z) =99% Zka(Z) 7 99,999 9,899,901 | 9,999,900
100,098 9,899,902
P(B|Z)-P(Z) + P(B|Z) - P(Z) = 99% P(Z|B) =~ 0.1%
probability that a random == | probability that:
test Is correct a positive test s correct
O
SP(2) = 10

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 71
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016

 prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

e accuracy of blood test is 99%

* Assume 10M peoplein FL.| p(B|2) = 999 patient has Z
Complete the numbers! P(B|Z) = 99% Zika(Z) 7

P(B|Z)-P(Z) + P(B|Z) - P(Z) = 99%
probability that a random
test s correct

-+

blood test positive (B)
B B

1
99,999 9,899,901
100,098 9,899,902

P(Z|B) = 0.1%
probability that:
a positive test s correct

P(B) =~ 102

N
Q\P(Z) —10°

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Bayes' Law ("Base rate fallacy problem")

EXAMPLE 5: Zika in Florida in 2016

 prevalence of Zika (Z) in Florida is 10 (1 in 100k) = base rate = P(Z)

e accuracy of blood test is 99%

* Assume 10M peoplein FL.  p(B|z) = 99% npatient has Z
Complete the numbers P(B|Z) = 99% Zika(Z) 7

P(B|Z)-P(Z) + P(B|Z) - P(Z) = 99%
probability that a random
test s correct

-+

blood test positive (B)
B B

1
99,999 9,899,901
100,098 9,899,902

P(Z|B) = 0.1%
probability that:
a positive test s correct

P(B) =~ 102

IS
J
SP(Z) = 10°

Example from Jay Aslam's course notes from 2024: https://northeastern-datalab.github.io/cs7840/fa24/download/cs7840-L02-3-Probability Primer.pdf
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Updated 9/20/2026

Part 1: Information Theory Basics
LO3: Basics of Probability (2/2)

[Random experiment, independence, conditional probability,
chain rule, Bayes' theorem, random variables]

Wolfgang Gatterbauer

cs7840 Foundations and Applications of Information Theory (fa26)
https://northeastern-datalab.github.io/cs7840/fa26/

9/17/2026
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Pre-class conversations

e Last class recapitulation

e First mini-projects on Canvas: | added comments, you can make
another pass

e Pointing out errors: Thanks! Feel free to use non-private messages

e Procedure: Preliminary posting of slides internally on Piazza
("unedited version"). We will keep that, thanks for the earlier post

e Today:
— A lot of fun with basic probability theory ©
— Start of information theory basics

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 75
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On good Al practice

Deterministic DNNF Is Not Polynomially Closed Under Negation

Guy Van den Broeck*
Computer Science Department
University of California, Los Angeles

*This paper builds on contributions by Oliver Broadrick. He has not yet agreed to be an author, but has agreed to the
circulation of this note.

1This proof was developed with substantial Al assistance. At the time of writing, scientific standards for Al-assisted
theoretical results are not yet settled. We have chosen to take three steps:

1. We have carefully checked the claims and proofs in this paper and take full responsibility for their correctness.

Footnotes throughout the proof highlight connections to more advanced topics. The tutorial proof aims to make the
reasoning and the ideas behind the construction accessible to human readers, motivated by Tao’s view that “A proof that
no human can properly explain should be viewed as incomplete, even if it has been formally verified” [74, Section 8.

3. Readers can check the nonclosure claim by inspecting a short formal trust boundary: the Lean definitions and theorem
statement explained in Appendix A. If these express the intended claim, the machine-checked proof establishes it, assuming
the correctness of Lean’s kernel. Readers who also want to formally check that the theorem holds for the reasons given in
the tutorial proof can compare the two proofs: each statement links to its Lean formalization.

2. We have presented the proof as a detailed tutorial requiring little background beyond undergraduate mathematics.

Source (9/16/2026): https://ucla-starai.github.io/ddnnf-negation/negation-of-ddnnf.pdf
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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An unrelated (?) question:

Gatterbauer. Foun

Steve is very shy and withdrawn,
invariably helpful but with very
little interest in people or in the
world of reality. A meek and tidy
soul, he has a need for order and

structure, and a passion for detail.

dations and Applications of Information Theory:
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An unrelated (?) question:

Gatterbauer. Foun

Steve is very shy and withdrawn,
invariably helpful but with very
little interest in people or in the
world of reality. A meek and tidy
soul, he has a need for order and
structure, and a passion for detail.
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Bayes theorem illustrated by 3BluelBrown

Steve is very shy and withdrawn,
invariably helpful but with very
little interest in people or in the
world of reality. A meek and tidy
soul, he has a need for order and
structure, and a passion for detail.

Source: 3BluelBrown: "Bayes theorem, the geometry of changing beliefs":
Gatterbauer. Foundations and Applications of Information Theory:

Y114
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Bayes theorem illustrated by 3BluelBrown
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Source: 3BluelBrown: "Bayes theorem, the geometry of changing beliefs":
Gatterbauer. Foundations and Applications of Information Theory:
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Bayes theorem illustrated by 3BluelBrown
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Bayes theorem illustrated by 3BluelBrown
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Source: 3BluelBrown: "Bayes theorem, the geometry of changing beliefs":
Gatterbauer. Foundations and Applications of Information Theory:
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Bayes theorem illustrated by 3BluelBrown
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Source: 3BluelBrown: "Bayes theorem, the geometry of changing beliefs":
Gatterbauer. Foundations and Applications of Information Theory:
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Bayes theorem illustrated by 3BluelBrown
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Gatterbauer. Foundations and Applications of Information Theory: 84
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Bayes theorem illustrated by 3BluelBrown

Bayes’ theorem

P(H)P(E|H)

P(H|E) = =5~

Source: 3BluelBrown: "Bayes theorem, the geometry of changing beliefs":
Gatterbauer. Foundations and Applications of Information Theory:
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Sample space / outcomes / events / probability
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g (#4) P(H)P(E|H) + (#%) P(-H)P(E|-H)
R 000 N
_______________________________ 2
P(—H)=20/21
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Source: 3BluelBrown: " Bayes theorem, the geometry of changing beliefs":
Gatterbauer. Foundations and Applications of Information Theory:
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Sample space w/ dependent variables: P(B)zP(B|A)
P(B)P(A|B)=P(A and B)=P(A)P(B|A)

Gatterbauer. Foundations and Applications of Information Theory:
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Bayes theorem illustrated by 3BluelBrown

New evidence updates prior beliefs! Evidence does not exist in a vaccum

)
)

Steve is very shy and withdrawn,
invariably helpful but with very
little interest in people or in the
world of reality. A meek and tidy
soul, he has a need for order and
structure, and a passion for detail.

Source: 3BluelBrown: "Bayes theorem, the geometry of changing beliefs":
Gatterbauer. Foundations and Applications of Information Theory:
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Random variable,
expectation
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Random variable
Random variable (RV) ?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 107
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Random variable

Random variable (RV)
X:/.Q - R

?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 108
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Random variable

Random variable (RV)
X:/.Q - R

sample space of random experiment

X is called a "random variable" (RV)
because it depends on the outcome
of a random experiment. But the

mapping X: 1 = R is deterministic.

Two types:

?

109
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Random variable

Random variable (RV)
X:/.Q - R

sample space of random experiment

X is called a "random variable" (RV)
because it depends on the outcome
of a random experiment. But the

mapping X: 1 = R is deterministic.

Two types:
1. numerical
e.g. X(w) lottery win

2. indicator {1 i win

e.g X(w) = 0 ifnot

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Random variable: pmf py (x)

Random variable (RV) EXAMPLE 3 (CONT.): o/
Xl =R . . . L
sample space of randowm experiment roll two fair dice with 6 sides

X is called a "random variable" (RV) Q=1{(11),(12),(13) ..(1,6),(21),(22), .. (6,6)}

because it depends on the outcome Let X be the sum of the rolls. Q second die
of a random experiment. But the 1 2 3 4 5 6

: : e i 1 (L1 2[03A.5]0.6)
mapping X: Q — R is deterministic. 1hen X isa RV, ? o 2 [eneaeseaesies
- irst 3 [(3.1)(3.2)(3.3)(3.4)3.5)3.6)

Two types: What is the pmf z die 4 |4.0)4.2]4.3)]4.4)]4.5)46)
1. numerical 5 [(5,1)1(5,2)|(5,3)I(5,4)|(5,5)(5,6)
6 [6.1)/(6.2)(6.3)(6.4)(6.5)(6.6)

e.g. X(w) lottery win

2. indicator {1 i win

0 ifnot

The underlying probability measure
P:X — [0, 1] induces a (probability
mass function pmf py) over the range
(or image) of the RV X. py: R — [0,1]

px(x) =P({X = x})
also written as p(x) = P(X = x)

e.g. X(w) =

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 111
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Random variable: pmf py (x)

.
Random variable (RV) EXAMPLE 3 (CONT.): o/
Xl =R . . . L
sample space of randowm experiment roll two fair dice with 6 sides

X is called a "random variable" (RV) Q=1{(11),(12),(13) ..(1,6),(21),(22), .. (6,6)}

because it depends on the outcome Let X be the sum of the rolls. Q second die
of a random experiment. But the 1 2 3 4 5 6

: - C . i 1 1(1,1)1(1,2)\(1,3)|(1,4)1(1,5)|(1,6)
mapping X: O — R is deterministic. 1hen X isaRV. ? o 2 [eneaeseaesies
- irst 3 ((3.1))(3.23.3)(3.4)(3.5)(3.6)
Two types: What is the pmf f die 4 [4.1)4.2).3)44)4.5)46)
1. numerical 5 |(5,1)1(5.2)|(5,3)|(5,4)|(5.5)|(5.6)
e.g. X(w) lottery win 6 (61’1)(622) (633) (644) (655) (6(’56)
. X
2. indicator 1 ifwi 1[2]3[4]5[6]7
e.g. X(w) = Iwin 2345|678
e 0 ifnot first 3[4 567|809
die 4[56]78]9]10
The underlying probability measure 5|67 8]9]10]11
6718 9 101112

P:¥ — [0, 1] induces a (probability

mass function pmf py) over the range

(or image) of the RV X. py: R — [0,1]
px(x) =P({X = x})

also written as p(x) = P(X = x)
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Random variable: pmf py (x)

Random variable (RV) ExAMPLE 3 (CONT.):
X:/.Q - R

sample space of random experiment

roll two fair dice with 6 sides

X is called a "random variable" (RV) Q=1{(11),(12),(13) ..(1,6),(21),(22), .. (6,6)}

because it depends on the outcome Let X be the sum of the rolls.

of a random experiment. But the
mapping X: (0 = R is deterministic.

Two types: What is the pmf

1. numerical
e.g. X(w) lottery win

2. indicator {1

Then X is a RV.

if win
0 ifnot

The underlying probability measure
P:X — [0, 1] induces a (probability
mass function pmf py) over the range
(or image) of the RV X. py: R — [0,1]

px(x) =P({X = x})
also written as p(x) = P(X = x)

e.g. X(w) =

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

X(31D) =14

* 8
/
o‘. ::

Q second die
1 2 3 4 5 6
1 101,0101,21(1,3)(1,9)](1,5)[(1,6)
_ 2 [2.1l2.2)2,3)12,4)2,5)2,6)
first 3 [3.13,2)(3,3)(3,4)(3,5)(3,6)
die 4/|4.1)(#.2)|(4,3)¢4.4)/(4.5)(4.6)
(5,1)(5,2)|(5,3)|(5,4)l(5,5)|(5,6)
(6,1)/(6,2)\(6,3)I(6,4)((6,5)|(6,6)
X 1 |2 3’[4 5 6
1127137147567
_ 213 % |5|6|7]|8
first 3" {456 |7]8]9
die 4/[\51l6 8910
5% |7 ]/8]9]10]1
6| AllBVol10]11]12

0.16
pmf0.12 \
\/
0.08
 ul Ih
0.00 . .

234567 89101112
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Random variable: expectation [k

ExAMPLE 3 (CONT.):

Random variable (RV)
X: Q-R

Expectation: a weighted average
(in proportion to the probabilities)
of the possible values of X

= ) X(w)-P{w})

wWE)

E[X] = ) x-px(0)

X

roll two fair dice with 6 sides

Q=1{(1,1),(01,2),(1,3)..(1,6),(2,1),(2,2), ...(6,6)}

Q second die
Let X be the sum of the rolls. L 53 4 5 6

1 [1.0(1.2](1.3)](1.4)(1.5)(1,6)
? - 2 12,02.2)2.3)/2.4)2,5)2.6)
- irst 3 (3,103.2)(3.,3)(3.4)(3.5)(3.6)
What is E[X] die 4 [4.1)(4.2)(4.3)(4.4)(4.5)4.6)
- 5 ((5.1)((5,2)/(5,3)[(5.,4)|(5,5)|(5,6)
6 ((6,1)(6.2)[(6,3)(6,4)/(6,5)|(6.,6)
X 1 2 3 4 5 6
1[2T3[4]5[6]7
_ 2345678
first 34567 8]0
die 4|56 7]8]9]10
506|789 10]1
6|78 ]9l10]11]12
pmf .,

0.08
=11 h
0.00 . .

234567 89101112
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Random variable: expectation [k

Random variable (RV) ExAMPLE 3 (CONT.):
X: Q->R

roll two fair dice with 6 sides
Expectation: a weighted average Q=1{(1,1),01,2),(1,3)..(1,6),(2,1),(2,2), ..

(in proportion to the probabilities)

of the possible values of X Let X be the sum of the rolls.

_ z X() - P({w)) What is E[X]?

wWE)

Variant 1:

E[X] = ) x-px(0) E[X] = Spea X (@) - P({w))
’ ?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

9)

first
die

OO, WN -

X

first
die

OO, WN -

0.16
pme.lz
0.08

0.04
0.00

(6,6)}

second die
1 2 3 4 5 6

(1,1)1(1,2)/(1,3)(1,4)(1,5)|(1,6)
(2,1)1(2,2)/(2,3)(2,4)(2,5)|(2,6)
(3,1)(3,2)|(3,3)(3,4)((3,9)|(3,6)
(4,1)I(4,2)|(4,3)(4,4)/(4,5)|(4,6)
(5,1)1(5,2)((5,3)(5,4)((5,5)|(5,6)
(6,1)(6,2)|(6,3)(6,4)/(6,5)|(6,6)
1 2 3 4 5 6
2 131415167
3145|678
4 1516|7819
5|67 ]181]9 110
6 | 71819 10|11
/7 181911011 [12

234567 89101112
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Random variable: expectation [k -
Random variable (RV) ExamMPLE 3 (CONT.): o ::
X: Q- R .. : : J
roll two fair dice with 6 sides
Expectation: a weiﬁhted gvebr?ge Q=1{(1,1),(01,2),(13)..(1,6),(2,1),(2,2), ...(6,6)}
. fon to t it |
E,'Ptﬁfgggs'iﬁ?e Samﬁspg?xa lities) Let X be the sum of the rolls. {1 1 szec?c))ncj d|5e ]
1 1(1,1)](1,2)/(1,3)|(1,4)/(1,9)|(1,6)
et 2 (2,1)1(2,2)[(2,3)I(2,4)(2,5)|(2,6)
: 5 irst 3 [3.1)(3.2)(3.3)(34)(3.5)(36)
= Z X(w) - P({w}) What is ELX]: die 4 [4.1]4.2)43)44)45)456)
5 |(5,1)/(5.2)(5.3),(5.4)(5.5)(5.6)
WELL Variant 1- 6 [(6.1)/(6.2)((6.3)((6.4).(6.5).(6.6)
@/_ X 1 2 3 4 5 6
112134 ]5]6 7
IE[X] — zx . Px(x) [ ] ZwEQX(w) IP({ ) . ol 314156718
. first 3[4(5[6]7[8]9
X = g'zwenX(w) die 45678910
1 516718910/
= ("sum of table") 6|7 ]8[910]1]12
—7 pmf,.,

o l1.
2345678 9101112
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Random variable: expectation [

Random variable (RV) ExAMPLE 3 (CONT.):
X: Q->R

roll two fair dice with 6 sides
Expectation: a weighted average Q=1{(1,1),01,2),(1,3)..(1,6),(2,1),(2,2), ..

(in proportion to the probabilities)

of the possible values of X Let X be the sum of the rolls.

_ z X() - P({w)) What is E[X]?

wWE)

Variant 2:

ELX] = ) x-px(®) E[X] = Zyx - P(X = x)

) ?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

9)

first
die

OO, WN -

X

first
die

OO, WN -

0.16
pme.lz
0.08

0.04
0.00

(6,6)}

second die
1 2 3 4 5 6

(1,1)1(1,2)/(1,3)(1,4)(1,5)|(1,6)
(2,1)1(2,2)/(2,3)(2,4)(2,5)|(2,6)
(3,1)(3,2)|(3,3)(3,4)((3,9)|(3,6)
(4,1)I(4,2)|(4,3)(4,4)/(4,5)|(4,6)
(5,1)1(5,2)((5,3)(5,4)((5,5)|(5,6)
(6,1)(6,2)|(6,3)(6,4)/(6,5)|(6,6)
1 2 3 4 5 6
2 131415167
3145|678
4 1516|7819
5|67 ]181]9 110
6 | 71819 10|11
/7 181911011 [12

234567 89101112
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Random variable: expectation [

.
Random variable (RV) ExAMPLE 3 (CONT.): o ;:
£ Q=R roll two fair dice with 6 sides
(Exoectation: 2 weighted average ) Q= {(1,1),(1,2),(1,3) ...(1,6),(2,1),(2,2), ... (6,6)}
in proportion to the probabilities :
1 [,0]1,21A,3)](1.2](1.,5)](1,6)
- 2 212, 2)(23)*24)(25)(2,6)
- irst 3 [3,1))(3.2(3,3)134)(3,5)(3.6)
= Z X(w) - P({w}) What is E[X]? die 4/[4.nlk243)/{4)5)456)
P (5,1)/(6,2)(5,3)/(5,4),(5,5)(5.6)
Variant 2- (61,1) 22) (633)’[ 44) (655) (6(,56)
X
E[X]:Zx-p (x) E[X] = 2xx - P(X = x) ; g ?1 g/ g ? ;
* X =9 (2) == first 3" 4]jp[§[7[8]39
X - Px 36 die 4 \g 6 / 8 1910
2 5 7 1/8 [ 9 [ 10 11
X=3 px(3) = 6 [ Al /o 101112
_ =2 pmf .,
X=12 px(12) Y I I
E[X] =2 - —+3 —+.+12 £_7 * all I III-
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Random variable: expectation [ -
Random variable (RV) EXAMPLE 3 (CONT.): o /!
X: 0> R s . . D
roll two fair dice with 6 sides
Expectation: a weiﬁhted gvebr?ge 0O = {(1,1), (1,2), (1,3) (1,6), (2,1), (2,2), (6,6)}
in proportion to the probabilities :
Sf t?\e Bosslible Va|ueSpOfX lities) Let X be the sum of the rolls. {1 1 Szecg”a d|5e ]
1 {(1,1(1,2)[(1,3)|(1,4)/(1,5)|(1,6)
o t 2 (2,1)(2,2)((2,3)/(2,4)(2,5)(2,6)
: 5 irst 3 3.13.23.3)(3.4)(3,5)(3.6)
= X@rey MR e | Kttty
) RVs for the outcome of the O (0J5.2)(5.3)(5.A)(5.9)5,
S Variant 3: first and second die rolls 6 1(6.1)1(6.2)(6.3)1(6.4)(6.5)/(6.6)
o e 1 2 3 4 5 6
— - 112 134|567
E[X] = Zx - px(x) E[X] = E[X; +X;] = ? 2|3 ]4]5]67]8
first 3{4/5/6|7]8]9
g die 4|5|6|7/8]9]10
516|789 1011
67|89 [10]11]12
pmf ...

Zzlll III
2345678910111
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Random variable: expectation [ -
Random variable (RV) EXAMPLE 3 (CONT.): «° ;:
£: =R roll two fair dice with 6 sides
Expectation: a weiﬁhted gvebr?ge 0O = {(1,1), (1,2), (1,3) (1,6), (2,1), (2,2), (6,6)}
in proportion to the probabilities :
Sf t?\e Bosslible Va|ueSpOfX lities) Let X be the sum of the rolls. {1 1 szecgncj d|5e ]
1 [.0]1.2)]1.3)1.4)(1.5)(1.6)
- 2 |2.1)2.2)2.3)2.4)2,5)(2,6)
- 5 irst 3 (3,1)3,2)(3,3)(3.4)(3,5)(3.6)
= X@rey MR e | Kttty
) RVs for the outcome of the O (0J5.2)(5.3)(5.A)(5.9)5,
S Variant 3;: first and second die rolls 6 1(6.1)1(6.2)(6.3)1(6.4)(6.5)/(6.6)
o e 1 2 3 4 5 6
_ _ 12734567
]E[X] — z X - pX(x) ]E[X] - ]E[Xl + XZ] — ]E[Xl] + ]E[XZ] . 2ol 314156718
~ gl_’st 3456|7809
, , : ie 4|56 7]8]9]10
linearity of expectation! s 6 T7 8 o 1011
6|78 9101112
E[X;] = E[X,] = 3.5 pmfz:iz

B[X] =35 +35 =7 §}§§.|I|I"|I|.

234567 89101112
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Random variable: expectation [

Random variable (RV)
X: Q-R

Expectation: a weighted average
(in proportion to the probabilities)
of the possible values of X

= ) X(w)-P{w})

wWE)

E[X] = ) x-px(0)

X

o..-'
EXAMPLE 3 (CONT.): o° ;:
roll two fair dice with 6 sides

Q=1{(1,1),(1,2),(13)..(1,6),(2,1),(2,2),...(6,6)}

Let Y be the product of the rolls. () 1 Szecg”a d|5e ]

1 {(1,1(1,2)[(1,3)|(1,4)/(1,5)|(1,6)

? f t 2 (2,1)(2,2)((2,3)/(2,4)(2,5)(2,6)

- irst 3 [3.13.23.3)(3.4)(3.5)(3.6)

What is E[Y] die 4 [(4.1)(4.24.3)(4.4)4.5)46)

- 5 ((5.1)((5,2)/(5,3)[(5.,4)|(5,5)|(5,6)

6 |6.1)(6.2)(6.3)((6.4)((6.5)((6.6)

Y 1 2 3 4 5 6

1 1123|456

_ 2124168112

first 3[3[6]9[12]15]18

die 4|48 [12/16]20 |24

5151101152025 30

6|6 121824 |30 36

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Random variable: expectation [

Random variable (RV)
X: Q-R

Expectation: a weighted average
(in proportion to the probabilities)
of the possible values of X

= ) X(w)-P{w})

wWE)

E[X] = ) x-px(0)

X

o..-‘
EXAMPLE 3 (CONT.): o° E:
roll two fair dice with 6 sides

Q=1{(1,1),(1,2),(13)..(1,6),(2,1),(2,2),...(6,6)}

Let Y be the product of the rolls. () 1 Szecg”a d|5e ]

1 {(1,1(1,2)[(1,3)|(1,4)/(1,5)|(1,6)

f' t 2 (2,1)(2,2)((2,3)/(2,4)(2,5)(2,6)

- irst 3 [3.13.2/(3.3)(3.4)(3.5)3.6)

What is E[Y]? die 4 [(4.1)(4.24.3)(4.4)4.5)46)

5 |(5.1)/(5.2)((5.3)l(5.4)/(5.5)|(5.6)

6 |(6.1)(6.2)((6.3)l(6.2)6.5)/(6.6)

Y 1 2 3 4 5 6

_ , _ , 1[1]2[3[4]5]6

E[Y] = E[X; - X,] = E[X;] - E[X,] o246 s 0l

first 3[3[6]9[12]15]18

? die 4|48 |12]16]20]24

" 5151101152025 30

6|6 121824 |30 36
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Random variable: expectation [

-« ..-‘
Random variable (RV) ExamMPLE 3 (CONT.): o E:
£ 02 -=R roll two fair dice with 6 sides
Expectation: a weighted average ) Q=1{(1,1),(1,2),(13)..(1,6),(2,1),(2,2),...(6,6)}
(in proportion to the probabilities 0 :
of the possible values of X Let Y be the product of the rolls. 1 szecgncj d|5e ]
1 [(1,0[1L.211,3)](1LA]1,5)](1,6)
- 2 (212223242526
- 5 irst 3 [(3,1))(3.2)(3,3)(3,4)(3,5)(3,6)
= z X(w) - P{w}) What is E[Y ] die 4 [4.1)42]43)44)45)45)
5 [(5,1)(5,2)/(5,3)|(5.4)|(5.,5)|(5.6)
WEQ 6 [(6,1)/(6,2)1(6,3)I(6.4)(6.5)/(6.6)
y 1 2 3 4 5 6
_ , _ , 1[1]2]3]4]5]6
E[X]sz-pX(x) E[Y] = E[X; - X1 = ElX1]-E[Xa] 2246 8[10][12
- first 3|36 9[12]15]18
becanse the X, L X, die g g 180 12 ;g gg gg
6 | 6 12]18 243036

E[X,] = E[X,] = 3.5

E[Y] =3.5-3.5 =12.25
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Random variable: expectation [k -
Random variable (RV) EXAMPLE 3 (CONT.): o E:
X: - R .. : :
roll two fair dice with 6 sides
Expectation: a weighted average Q=1{(1,1),(1,2),(13)..(1,6),(2,1),(2,2),...(6,6)}
(in proportion to the probabilities) 0 :
of the possible values of X Let Y be the product of the rolls. 1 szecgncj d|5e ]
Let X be the sum of the rolls. 11(1.1)(1,2)(1.3)|(1.4)|(1,5)|(1.6)
E— ? - 2 [21222.3)24)25)2.6)
- irst 3 [(3,1)(3,2)(3,3)3.4)(3,5)(3,6)
= Z X(w) - P({w)) What is E[X + Y] : die 4 [4.1]4.2)(43)44)45)(486)
5 ((5,1)(5,2)l(5,3)!(5,4)(5,5)|(5,6)
WE 6 ((6,1).(6,2),(6,3)((6,4)(6,5)(6,6)
Y 1 2 3 4 5 6
11723456
E[X] =zx-px(x) 20246 ][8[10][1
first 3|3 [6[9[12]15]18
X die 44812162024
55 [10]15]20] 2530
6|6 [12]18]24]30]36
e 1 2 3 4 5 6
12734567
_ 23456 7]8
first 34567809
die 4|56 ]7[8]9]10
506 78] 9/[10]11
| . | o 6|7 [8l9l10]11]12
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 124
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Random variable: expectation [

-« ..-‘
Random variable (RV) ExAMPLE 3 (CONT.): o° E:
X: Q- R . . .
roll two fair dice with 6 sides
Expectation: a weighted average Q=1{(1,1),(1,2),(13)..(1,6),(2,1),(2,2),...(6,6)}
(in proportion to the probabilities) 0 :
of the possible values of X Let Y be the product of the rolls. 1 szecgncj d|5e ]
Let X be the sum of the rolls. 11(1.1)(1,2)(1.3)|(1.4)|(1,5)|(1.6)
- 2 |2.12.212,3)2.4)2,5)2.6)
- 3 irst 3 [(3.1)3,2)(3,3)(3,4)/(3,5)(3.6)
= Z X(w) - P({w)) What is E[X + Y1 die 4 [4.1]4.2)(43)44)45)(486)
5 (5,1)((5,2)[(5.3)(5,4)|(5,5)|(5.6)
WEQ 6 [(6,1)(6,2)(6,3)(6.4)(6.5)(6.6)
? Y 1 2 3 4 5 6
_ 112734576
E[X] = zx - Py (%) E[X +Y] = E[X] + E[Y] . 20246 ][8[10][1
first 3|36 ]9 12]15]18
X die 4[4 [812[16]20 |24
55 [10]15]20] 25/ 30
6|6 [12]18]24]30] 36
X 1 2 3 4 5 6
1127374567
_ 2345678
first 3{4/5/6|7]8]9
die 4|56 7]8]09]10
516|789 10]1
| - | e 6|78 ]9l10]11]12
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Random variable: expectation [k -
Random variable (RV) EXAMPLE 3 (CONT.): o E:
X: Q- R s : :
roll two fair dice with 6 sides
Expectation: a weighted average Q=1{(1,1),(1,2),(13)..(1,6),(2,1),(2,2),...(6,6)}
(in proportion to the probabilities) 0 :
of the possible values of X Let Y be the product of the rolls. 1 szecgncj d|5e ]
Let X be the sum of the rolls. 11(1.1)(1,2)(1.3)|(1.4)|(1,5)|(1.6)
— - 2 [21222.3)24)25)2.6)
- 3 irst 3 (3,1)3,2)(3,3)(3,4)(3,5)l(3,6)
= Z X(w) - P({w)) What is E[X + Y1 die 4 [4.1]4.2)(43)44)45)(486)
5 1(5,1)[(5,2)((5,3)/(5,4)|(5,5)\(5,6)
WE 6 [(6,1)(6,2)(6,3),(6,4).(6,5)|(6.6)
Y 1 2 3 4 5 6
_ 11723456
E[X] = zx - px(x) E[X +Y] = E[X] + E[Y] first 2| 24]6]8/[10]12
x Xand Y are clearly dependent ® c;';g 2 2 g 192 12 ;g ;2
5|5 [10]15] 2025 30
6|6 |12/18]24]30]36
X 1 2 3 4 5 6
12734567
_ 21345678
first 3|4]5][6|7]8]09
die 4|5/6|7]8]9]10
506789/ 10]11
| . | e 6| 7[8]9ol10]11]12
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Random variable: expectation [

e
Random variable (RV) EXAMPLE 3 (CONT.): o E:
X: Q-R . : .
roII two fair dice with 6 sides
Expectation: a weighted average = {(1,1),(1,2),(1,3) ...(1,6), (2,1), (2 2),...(6,6)}
(in proportion to the probabilities) :
of the possible values of X Let Y be the product of the rolls. 1 szecgncj d|5e ]
Let X be the sum of the rolls. 110.1)/(1,2)(1,3)(1.4)(1,5)(1,6)
- 2 2,112,2/2,3)(2,4)2,5)(2,6)
: 3 irst 3 [(3,1)(3,21(3,3)3.4)3,5)(3,6)
= Z X(w) - PEw)) What is E[X + Y1 die 4 (4.1)4.2](4.3)44)45)456)
5 ((5,1)((5,2)l(5,3)!(5,4)(5,5)[(5,6)
WEl} 6 (6,1)1(6,2)((6,3)((6,4)((6,5)((6.6)
Y 1 2 3 4 5 6
_ 1[1]2]3]4]5]6
E[X] = zx - px(x) E[X +Y] = E[X] + E[Y] first 2| 24]6]8/[10]12
x Xand Y are clearly dependent ® c;';g 2 2 g 192 1; ;g ;2
5[5 [10][15]20] 2530
But llVI@ﬁl"l‘l’\{ D‘F GXPGO‘{’ﬁ‘l’lOVI still MOMS 616 112/18124130] 36
eveu if the RVs are dependent ©
X 1 2 3 4 5 6
1[2]3][4]5]6]7
_ 2345678
first 3|4]5]6[7[8]09
E[X+Y] =7+ 12.25 =19.25 die 4|5/6|7[8]9]10
506 ]7[8]9/[10]1
| o | . 67 ][8]910[11][12
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S[X + Y] vs. E[X - Y]

E[X + Y] = E[X] + E[Y] (linearity of expectation) E[X - Y] = E[X] - E[Y], onlyif X L Y (independent)
holds evewn if X and Y are wot independent
PROOF PROOF
EX +7] = ) Y (x+3) - p(xy) ELX Y] =) ) %y p(xy)
X y x Yy
? ?
= E[X] - E[Y]
= E[X] + E[Y]

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 128
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S[X + Y] vs. E[X - Y]

E[X + Y] = E[X] + E[Y] (linearity of expectation)

holds evewn if X avwd Y are vot independent

PROOF

E[X + Y] ZZ(xﬂf) p(x,y)
Xy

=zx-p(x)+zy-p(y)
y

X

= E[X] + E[Y]

E[X - Y] = E[X] - E[Y], onlyif X L Y (independent)
PROOF
E[X-Y] = x-y pxy)

<[]

<[]
<M <DV

(Zx p(x)) (Zx - p(y))

becanse X1Y

‘p(x) - p&

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

distributive law of

multiplication over addition
(each cross-term appears
exactly once ov both sides)
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Linearity of Expectation

EXAMPLE 6 (CONT.):

* The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

* What is the expected value of AB-CD?

?

Example from: https://brilliant.org/wiki/linearity-of-expectation/
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 130
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Linearity of Expectation

EXAMPLE 6 (CONT.):

* The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

* What is the expected value of AB-CD?
« What about E[AB]-E[CD]? f?

Example from: https://brilliant.org/wiki/linearity-of-expectation/
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 131
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Linearity of Expectation sa %
EXAMPLE 6 (CONT.):

» The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

* What is the expected value of AB-CD?
* What abo ABI-E[CD]?
* No! E[xy] = E|x]-E[y] only holds when the RVs are independent.

Clearly, AB and CD are not independent since each digit can only be used once
(e.g., if AB = 42 then we would know that CD can only be 13 or 31).

Example from: https://brilliant.org/wiki/linearity-of-expectation/
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 132
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Illl’

Linearity of Expectation

EXAMPLE 6 (CONT.):

* The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

. 9

* What is the expected value of AB-CD?

« What abo ABI-E[CD]?

e Can we instead get some kind of sum? ?

Example from: https://brilliant.org/wiki/linearity-of-expectation/
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 133
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Linearity of Expectation

EXAMPLE 6 (CONT.):

» The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

What is the expected value of AB-CD?

What abo ABI-E[CD]?

e Can we instead get some kind of sum?
AB-CD = (10-4 + B)-(10-C + D) =100-4-C + 10-A-D + 10-B-C + B-D

Now by linearity of expectation,

?

Example from: https://brilliant.org/wiki/linearity-of-expectation/
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Linearity of Expectation

EXAMPLE 6 (CONT.):

» The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

What is the expected value of AB-CD?

What abo ABI-E[CD]?

e Can we instead get some kind of sum?
AB-CD = (10-4 + B)-(10-C + D) =100-4-C + 10-A-D + 10-B-C + B-D

Now by linearity of expectation,
E[AB-CD] = 100-E[A-C] + 10-E[A-D] + 10-E[B-C] + E[B-D] = ?

Example from: https://brilliant.org/wiki/linearity-of-expectation/
Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/ 135



https://northeastern-datalab.github.io/cs7840/fa26/
https://northeastern-datalab.github.io/cs7840/fa26/
https://northeastern-datalab.github.io/cs7840/fa26/
https://brilliant.org/wiki/linearity-of-expectation/
https://brilliant.org/wiki/linearity-of-expectation/
https://brilliant.org/wiki/linearity-of-expectation/
https://brilliant.org/wiki/linearity-of-expectation/
https://brilliant.org/wiki/linearity-of-expectation/

Linearity of Expectation

EXAMPLE 6 (CONT.):

» The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

What is the expected value of AB-CD?

What abo ABI-E[CD]?

e Can we instead get some kind of sum?
AB-CD = (10-4 + B)-(10-C + D) =100-4-C + 10-A-D + 10-B-C + B-D

Now by linearity of expectation,

E[AB-CD] = 100-E[A-C] + 10-E[A-D] + 10-E[B-C] + IE[B}‘D] = 121-E[A-C] = ?
The expected value of all of these products are the
same since there is symmetry among A, B, C, D.

Example from: https://brilliant.org/wiki/linearity-of-expectation/
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Linearity of Expectation

EXAMPLE 6 (CONT.):

» The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

What is the expected value of AB-CD?

What abo ABI-E[CD]?

e Can we instead get some kind of sum?
AB-CD = (10-4 + B)-(10-C + D) =100-4-C + 10-A-D + 10-B-C + B-D

Now by linearity of expectation,
E[AB-CD] = 100-E[A-C] + 10-E[A-D] + 10-E[B-C] + E[B-D] = 121-E[A-C] =

The expected value of all of these products are the
same since there is symmetry among A, B, C, D.
1-2+1°3+1°4+2°3+2°4+3°4 _ 35

E[A-C] = : =2

Example from: https://brilliant.org/wiki/linearity-of-expectation/
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Linearity of Expectation

EXAMPLE 6 (CONT.):

» The digits 1,2,3, and 4 are randomly arranged to form two two-digit numbers, AB and CD.
For example, we could have AB = 42 and CD = 13.

What is the expected value of AB-CD?

What abo ABI-E[CD]?

e Can we instead get some kind of sum?
AB-CD = (10-4 + B)-(10-C + D) =100-4-C + 10-A-D + 10-B-C + B-D

Now by linearity of expectation,

E[AB-CD] = 100-E[A-C] + 10-E[A-D] + 10-E[B-C] + E[B-D] = 121-E[A-C] = % = 705.83

The expected value of all of these products are the
same since there is symmetry among A, B, C, D.
1-2+1°3+1°4+2°3+2°4+3°4 _ 35

E[A-C] = : =2

Example from: https://brilliant.org/wiki/linearity-of-expectation/
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Variance
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Measuring variability

EXAMPLE: average size of mice

case 1:
{4 cm, 5 cm, 6 cm}

case 2:
{9cm, 10 cm, 11 cm}

case 3:
{8cm, 10 cm, 12 cm}

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

wWhat is a reasonable
measure of cewtrality

7
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Measuring variability

EXAMPLE: average size of mice

case 1: case 2: case 3: wWhat is a reasonable
{4cm,5cm,6cm}p {9cm,10cm, 11 cm} {8cm, 10cm, 12 cm} weasure of centrality?
E[X]= 5 10 10 E[X] =Y, x - px(x)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

mean = average =
"expected value"

143


https://northeastern-datalab.github.io/cs7840/fa26/
https://northeastern-datalab.github.io/cs7840/fa26/
https://northeastern-datalab.github.io/cs7840/fa26/

Measuring variability

EXAMPLE: average size of mice

case 1:
{4 cm, 5 cm, 6 cm}

case 2:
{9cm, 10 cm, 11 cm}

case 3:
{8 cm, 10 cm, 12 cm}

What are possible ways to
measure @xFeoJrcol
"Variability" A around the
mean for each point? ?

E[Y] = Zyy : pY(y)

E[X]= 5

10

10

E[X] = Xxx - px(x)

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Measuring variability

EXAMPLE: average size of mice

case 1:
{4 cm, 5 cm, 6 cm}

case 2:
{9 cm, 10 cm, 11 cm}

case 3:
{8cm, 10 cm, 12 cm}

What are possible ways to
measure @xPeoJrcol

"Variability" A around the
mean for each point?

E[Y] = Zyy : pY(y)

E[X]= 5 10 10 E[X] =Y, x - px(x)
E[Y;]= -1:+0-3+1-: —1-24+0-3+1-3 —2-24+0-3+23 Y; = X — E[X]
=0 =0 =0

® cawncels ont

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

How can we fix
that

?
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Measuring variability

EXAMPLE: average size of mice

What are possible ways +o
measure 6XF60+6d
"Variability" A around the
mean for each point?

case 1: case 2: case 3:
{Acm,5cm,6cm}  {9cm,10cm, 11 cm} {8cm, 10cm, 12 cm} ElY] =2,y pr ()
E[X]= 5 10 10 E[X] =Y, x - px(x)
E[Y;] = -1-3+0-3+1-3 —1-24+0-3+1-3 —2-24+0-3+23 Y; = X — E[X]
=0 =0 =0 @ caucels ont
E[Y,] = |—1|1—+|g| I3 |—1|1—+|g| T3 |—2|1—+|g| st Y =X~ E[X]|
=130 241 = 1340 241 =23+05 S absolute deviation
=3 =3 =3 © wmkes more sense
Anything else ?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Measuring variability

EXAMPLE: average size of mice

case 1:
{4 cm, 5 cm, 6 cm}

case 2:
{9cm, 10 cm, 11 cm}

case 3:
{8cm, 10 cm, 12 cm}

What are possible ways to
measure expected
"Variability" A around the
mean for each point?

E[Y] =X,y pr(¥)

E[X]= 5 10 10 E[X] =Y, x - px(x)
1 1 1 1 1 1
E[Y;]= -1 +0-:+1-; —1-S40-2+1- —2- 40342 Y; = X — E[X]
=0 =0 =0 ® caucels ont
1 1 1 1 1 1 1 1 1
E[Y,] = 1=1-5+101-5+[1-5 [=1-3+[0[-5+|1[-5 [=2]-5+[0]-5+]2] 3 Y, = |X — E|X]]
=1.l_|_0.l_|_1.l =1.l+0.l+1 1 =2.l_|_0.l_|_2.l . 4
, 3 3 3 , 3 3 3 R 3 3 absolute deviation
=3 =3 =3  © makes more sense
_ 2.1, 2.1, 421 2.1, 092.1, 421 2.1,092.1,92.1 = — 2
E[Y,] = 1 FRAE R 12240054172 2800242 Y; = (X — E[X])
1-5+0--+1-3 1-5+0--+1-3 424044 squared error
_2 _2 _8
- - 3

what are vow the

'units” of variability ?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/
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Measuring variability

What are possible ways to
measure @xPeoi'@ol

EXAMPLE: average size of mice "variability" A around the
int?
case 1: case 2: case 3: mean for each polnts
{4cm,5cm,6cm}  {9cm,10cm, 11 cm} {8cm, 10cm, 12cm} ElY] =2y - py(y)
E[X]= 5 10 10 E[X] =Y, x - px(x)
E[Y;]= -1:+0-3+1-: —1-24+0-3+1-3 —2-24+0-3+23 Y, = X — E[X]
=0 =0 =0 @ cancels ont
E[Y,] = |—1|1—+|g| —+||§ |—1|1—+|g| —+||§ |—2|1—+|g| st Y =X~ E[X]|
=1at gty =1at0gtley PR absolute deviation
=3 cm =3 cm =z © wmkcs more sense
E[Y;] = 12-3+0%2-2+1%- 122402 2412 22240224222 Y; = (X — E[X])?
1-2+0-241-2 1-240-2+1-3 42402443 squared error
== cm? =§cm2 =gcm2 ® 777

cW sduared is strav

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

19e. What can we do? f?
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Measuring variability

What are possible ways to
measure 6XF60+6d

EXAMPLE: average size of mice "variability" A around the
int?
case 1: case 2: case 3: mean for each polnts
{4cm,5cm,6cm}  {9cm,10cm, 11 cm} {8cm, 10cm, 12cm} ElY] =2y - py(y)
E[X]= 5 10 10 E[X] =Y, x - px(x)
E[Y;]= -1:+0-3+1-: —1-24+0-3+1-3 —2-24+0-3+23 Y, = X — E[X]
=0 =0 =0 @ cancels ont
E[Y,] = |—1|1—+|g| —+||§ |—1|1—+|g| —+||§ |—2|1—+|g| st Y =X~ E[X]|
=1at gty =1at0gtley PR absolute deviation
=3 cm =3 cm =;cm © wmkes more sense
E[Y;] = 12-2+02-1+12.2  12.1402.1492.0 2. 1r02le22.2) ¥y = (X — E[X])?
1-2+0-241-2 1-240-2+1-3 42402443 squared error
_2z 2 _2 2 _8 2
—3 3 ; om © 777 Looks pretty complicated. So

Just take the square root:

2
= [—CIn
3
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2
= [—CIn
3

=2\ch 227
3

S why is everyone so excited
about sduared error instead
of absolute error?
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Why variance, and not absolute deviation?

But what is the most substantial reason? ?

* Geometric explanation in Euclidean space (distance = square root
of squared components): Projection onto a subspace. Variance is
literally the "average squared distance" from the mean. A= |X — E[X]|

absolute deviation

e Variance plays an important role in the Central Limit Theorem.
The variance is a natural parameter for the Normal Distribution.

4 [

* Algebraic convenience: f(x) = x?is ] A= (X — E[X])?
differentiable, but g(x) = |x]| is not. 3 squared error
e Qutliers have a bigger influence 5’
1
0
=2 -1 0 1 2

X
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Why variance, and not absolute deviation?

 Statistical properties: The mean minimizes the sum of squared
errors, while the median minimizes the sum of absolute errors.
(Maximum likelihood estimation leads to minimizing squared errors)

* Geometric explanation in Euclidean space (distance = square root
of squared components): Projection onto a subspace. Variance is
literally the "average squared distance" from the mean. A= |X — E[X]|

absolute deviation

e Variance plays an important role in the Central Limit Theorem.
The variance is a natural parameter for the Normal Distribution.

4 [

* Algebraic convenience: f(x) = x?is ] A= (X — E[X])?
differentiable, but g(x) = |x]| is not. 3 squared error
e Qutliers have a bigger influence 5’
1
0
=2 -1 0 1 2

X
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Mean (minimizes variance), Median (minimizes absolute error)

ExAMPLE (MEAN VS. MEDIAN):
data = {1, 2, 3, 6, 8}

mean = ? median = ?
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Mean (minimizes variance), Median (minimizes absolute error)

ExAMPLE (MEAN VS. MEDIAN):
data = {1, 2, 3, 6, 8}

mean = 4 median = 3
_ . o 2 di — ; . —
mean = min ) (x; —¢) median = min ) |x; — ¢
C Cc
L L
Squared-error loss minimized at the mean Absolute-error loss minimized at the median
20}
110
100 |
18}
90t
% 80 B IU 16}
|
X 70} X
N N
60 14t
50
12}
0 mear = 4 pr€dian = 3
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
C C
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Mean (minimizes variance), Median (minimizes absolute error)
ExAMPLE (MEAN VS. MEDIAN):

data = {1, 2, 3, 6, 8}

mean =

4
mean = minZ(xl- — ¢)? mean: Z x;i—c=0 ?
c
i

. |
l

Squared-error loss minimized at the mean

1101
100
90
801

70

S (xi—c)?

60

501

40}t

0 1 2 3 4 5 6 7 8
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Mean (minimizes variance), Median (minimizes absolute error)

ExAMPLE (MEAN VS. MEDIAN):
data = {1,2,3, 6,8} This is not an opﬂvmgaﬂow problem, but a constraivt
problem: the sum of signed errors = 0.

/

4
o 2 A2 E IR
mean = min ) (x; —¢) mean: ) x; —c =20
C
i

i

mean =

Squared-error loss minimized at the mean Total error (signed sum of deviations)

20
110F
151
1001
101
0}
N —_ 5 I
— (9]
o 8or ! mean =
I B ] i e e U e ettt Sttt
2 701 ~
N 5t
60 |
-10¢t
50
_15 L
0 meaiT = 4 _o0k
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
C C
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Alternative formula for variance

% =Var(X) = E[(X — E[X])?] variance

g = +/Var(X) = \/IE[(X — E[X])?] standard deviation (back in original units)

ALTERNATIVE FORMULA
E[(X — E[X]D?] = E[X?] — (E[X])*

PROOF

E[(X —EXD = )

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

case 3:
{8cm, 10 cm, 12 cm}
82410%2+1272 308
21 — — 23U°
E[X*] = 3 3

(E[X])? = 100

308 300
3—3—8/3
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Alternative formula for variance

o? = Var(X) = E[(X — E[X])?*]

variance

o = /Var(X) = VE[(X — E[X])?]

ALTERNATIVE FORMULA

E[(X — E[X])?] = E[X?] — (E[X]*

PROOF

E[(X — E[XD*] =

E[X? — 2-X-E[X] + (E[X])?]

by linearity of expectation

1 — E|2-X-E[X]]| + E[(E[X])?]

o Just a constant

1 — 2-E[X]-E[X] + (E[X])?
1-2-(E[XD)?* +(E[XD?
1 - (E[XD?

Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/fa26/

standard deviation (back in original units)

case 3:
{8cm, 10 cm, 12 cm}
82410%2+1272 308
21 — — 23U°
E[X*] = 3 3

(E[X])? = 100

308 300
3—3—8/3
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Markov chains
(later)

https://northeastern-datalab.github.io/cs7840/fa26/
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