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Circuits: another form of the factorization theorem?

Darwiche. Tractable Boolean and Arithmetic Circuits, 2022. https://arxiv.org/pdf/2202.02942, 
Amarilli, Capelli, Tractable Circuits in Database Theory, 2024. https://sigmodrecord.org/?smd_process_download=1&download_id=13771 

https://northeastern-datalab.github.io/cs7840/
https://arxiv.org/pdf/2202.02942
https://sigmodrecord.org/?smd_process_download=1&download_id=13771
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Information Inequalities

Best reference:
[Yeung'08] Yeung, Information Theory and Network Coding, 2008. Ch 2.6, 2.7, 13, 14, 15  
http://iest2.ie.cuhk.edu.hk/~whyeung/tempo/main2.pdf 

https://northeastern-datalab.github.io/cs7840/
http://iest2.ie.cuhk.edu.hk/~whyeung/tempo/main2.pdf
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Basic inequalities
Shannon’s information measures refer to entropy, conditional entropy, mutual information, and 
conditional mutual information (but not interaction information!).
They can be expressed as linear combinations of entropies:

𝐻 𝑋|𝑌 =
𝐼 𝑋; 𝑌 =
𝐼 𝑋; 𝑌|𝑍 =

?
?
?

https://northeastern-datalab.github.io/cs7840/
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Basic inequalities
Shannon’s information measures refer to entropy, conditional entropy, mutual information, and 
conditional mutual information (but not interaction information!).

They are also special cases of conditional mutual information.
𝐻 𝑋 = Assume 𝜑 to be degenerate RV that takes on a 

constant value with probability 1 𝐻 𝑋|𝑍 =
𝐼 𝑋; 𝑌 =

𝐻 𝑋|𝑌 = 𝐻 𝑋, 𝑌 − 𝐻(𝑌)
𝐼 𝑋; 𝑌 = 𝐻 𝑋 + 𝐻 𝑌 − 𝐻(𝑋, 𝑌)
𝐼 𝑋; 𝑌|𝑍 = 𝐻 𝑋, 𝑍 + 𝐻 𝑌, 𝑍 − 𝐻 𝑋, 𝑌, 𝑍 − 𝐻(𝑍)

by repeated expansion of 
conditional entropies; also holds 
if we replace variables with 
sets of variables (grouping rule)

They can be expressed as linear combinations of entropies:

?
?
?

https://northeastern-datalab.github.io/cs7840/
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Basic inequalities
Shannon’s information measures refer to entropy, conditional entropy, mutual information, and 
conditional mutual information (but not interaction information!).

𝐼 𝑈; 𝑉|𝑊 ≥ 0

They are also special cases of conditional mutual information.
𝐻 𝑋 = 𝐼 𝑋; 𝑋|𝜑 Assume 𝜑 to be degenerate RV that takes on a 

constant value with probability 1 𝐻 𝑋|𝑍 = 𝐼 𝑋; 𝑋|𝑍
𝐼 𝑋; 𝑌 = 𝐼 𝑋; 𝑌|𝜑

With the basic inequalities we refer to the fact that all Shannon’s information 
measures are non-negative (because conditional mutual information is ≥ 0).

𝑈, 𝑉,𝑊 can be arbitrary joint entropies

𝐻 𝑋|𝑌 = 𝐻 𝑋, 𝑌 − 𝐻(𝑌)
𝐼 𝑋; 𝑌 = 𝐻 𝑋 + 𝐻 𝑌 − 𝐻(𝑋, 𝑌)
𝐼 𝑋; 𝑌|𝑍 = 𝐻 𝑋, 𝑍 + 𝐻 𝑌, 𝑍 − 𝐻 𝑋, 𝑌, 𝑍 − 𝐻(𝑍)

by repeated expansion of 
conditional entropies; also holds 
if we replace variables with 
sets of variables (grouping rule)

They can be expressed as linear combinations of entropies:

https://northeastern-datalab.github.io/cs7840/
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Shannon-type inequalities Γ" (and constraints)
Shannon-type inequalities are inequalities on information measures implied by the basic 
inequalities and possibly additional constraints on the joint distribution of the RVs involved.

From 𝐼 𝑋; 𝑍 𝑌 = 0 and basic inequalities, we derived 𝐼 𝑋; 𝑌 ≥ 𝐼(𝑋; 𝑍) 
EXAMPLE: data-processing inequality for 𝑋 → 𝑌 → 𝑍: 

EXAMPLE : 𝑛 = 3 variables with given 𝑘 = 2$ − 1 = 	7 joint entropies:

𝐻 𝑋 𝐻 𝑍

𝐻 𝑌

𝐻 𝑋 = 2 
𝐻 𝑌 = 3 
𝐻 𝑍 = 4 

𝐻 𝑋, 𝑌 = 4	
𝐻 𝑋, 𝑍 = 4 
𝐻 𝑌, 𝑍 = 4 

𝐻 𝑋, 𝑌, 𝑍 = 5 

not a basic inequality

Information inequalities are the inequalities that govern the impossibilities in information 
theory. They imply that certain things cannot happen. For this reason, they are sometimes 
referred to as the laws of information theory.

Find 3 RVs that fulfill those constraints ?

https://northeastern-datalab.github.io/cs7840/
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Shannon-type inequalities Γ" (and constraints)
Shannon-type inequalities are inequalities on information measures implied by the basic 
inequalities and possibly additional constraints on the joint distribution of the RVs involved.

Almost all the information inequalities known to date are 
Shannon-type inequalities and thus implied by the basic inequalities.

From 𝐼 𝑋; 𝑍 𝑌 = 0 and basic inequalities, we derived 𝐼 𝑋; 𝑌 ≥ 𝐼(𝑋; 𝑍) 
EXAMPLE: data-processing inequality for 𝑋 → 𝑌 → 𝑍: 

EXAMPLE : 𝑛 = 3 variables with given 𝑘 = 2$ − 1 = 	7 joint entropies:

𝐻 𝑋 𝐻 𝑍

𝐻 𝑌

−1 1

1
1

1

1

1𝐼 𝑋; 𝑌|𝑍 ≱0 
𝐻 𝑋 = 2 
𝐻 𝑌 = 3 
𝐻 𝑍 = 4 

𝐻 𝑋, 𝑌 = 4	
𝐻 𝑋, 𝑍 = 4 
𝐻 𝑌, 𝑍 = 4 

𝐻 𝑋, 𝑌, 𝑍 = 5 

Information inequalities are the inequalities that govern the impossibilities in information 
theory. They imply that certain things cannot happen. For this reason, they are sometimes 
referred to as the laws of information theory.

not possible L

not a basic inequality

https://northeastern-datalab.github.io/cs7840/
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Applications in Databases

Ngo, Porat, Re, Rudra. Worst-case Optimal Join Algorithms, JAC 2018 (PODS 2012). https://doi.org/10.1145/3180143 , 
Khamis, Kolaitis, Ngo, Suciu, "Decision Problems in Information Theory", ICALP 2020. https://doi.org/10.4230/LIPIcs.ICALP.2020.106 

ICALP'20PODS'12, JACM'18

https://northeastern-datalab.github.io/cs7840/
https://doi.org/10.1145/3180143
https://doi.org/10.4230/LIPIcs.ICALP.2020.106
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Applications in Databases

Abo Khamis, Ngo, Suciu. What Do Shannon-type Inequalities, Submodular Width, and Disjunctive Datalog Have to Do with One Another? PODS 2017. https://doi.org/10.1145/3034786.3056105 

PODS'17

https://northeastern-datalab.github.io/cs7840/
https://doi.org/10.1145/3034786.3056105
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Applications in Databases

Suciu. Applications of Information Inequalities to Database Theory Problems, LICS keynote 2023. https://arxiv.org/pdf/2304.11996 , 
slides: https://homes.cs.washington.edu/~suciu/talk-lics-2023.pdf , 

LICS'23 keynote

https://northeastern-datalab.github.io/cs7840/
https://arxiv.org/pdf/2304.11996
https://homes.cs.washington.edu/~suciu/talk-lics-2023.pdf
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Source: Dan Suciu. CS294-248: Special topics in databases, Berkeley fall 2023. See also videos: https://berkeley-cs294-248.github.io/ 

https://northeastern-datalab.github.io/cs7840/
https://berkeley-cs294-248.github.io/
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Information inequalities Γ"∗
Information inequalities are the inequalities that govern the impossibilities in information 
theory. They imply that certain things cannot happen. For this reason, they are sometimes 
referred to as the laws of information theory.

Quoted from: [Yeung'08] Information Theory and Network Coding, 2008. http://iest2.ie.cuhk.edu.hk/~whyeung/tempo/main2.pdf  / [Zhang,Yeung'98]. On characterization of entropy function 
via information inequalities, 1998. https://doi.org/10.1109/18.681320 / For an accessible proof, see [Cramer, Fehr'15] The Mathematical Theory of Information, and Applications, lecture 
notes. https://staff.science.uva.nl/c.schaffner/courses/infcom/2014/notes/CramerFehr.pdf 

There exist laws in information theory that are not implied by the basic inequalities (called non-
Shannon-type inequalities). This celebrated result was published by [Zhang,Yeung'98]

PROPOSITION: The following information inequality always holds on any list of five random 
variables 𝑋, 𝑌, 𝑍, 𝑈, 𝑉, but is not implied by the basic inequalities:

𝐻 𝑋 + 𝐻 𝑌 + 𝐼 𝑈; 𝑉 𝑋 + 𝐼 𝑈; 𝑉 𝑌 + 2𝐼 𝑈; 𝑉 𝑍 + 𝐼(𝑈, 𝑉; 𝑍) ≥ 𝐻 𝑋, 𝑍 + 2𝐼 𝑈; 𝑉  

An information inequality or identity involves (linear combinations of) Shannon’s information 
measures only (and possibly with constant terms) and is said to always hold if it holds for any 
joint distribution for the random variables involved.

Key proof insight: 𝐼 𝑋𝑌; 𝑍 𝑈𝑉 = 0 can be assumed for a different argument

https://northeastern-datalab.github.io/cs7840/
http://iest2.ie.cuhk.edu.hk/~whyeung/tempo/main2.pdf
https://doi.org/10.1109/18.681320%20/
https://staff.science.uva.nl/c.schaffner/courses/infcom/2014/notes/CramerFehr.pdf
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A formalization of entropic vectors
• Given a set of 𝑛 RVs 𝛩 = 𝑋!, … , 𝑋4 , written as 𝛩 = 𝑋2 , 𝑖 ∈ [𝑛]. 
• Associated with 𝛩 are 24 − 1 joint entropies 𝐻 𝑋! ,…, 𝐻 𝑋!, … , 𝑋4	 , written as 𝐻w 𝛼 =
𝐻 𝑋x  for any subset of [𝑛]. Call the function 𝐻w 𝛼 , 𝛼 ∈ 2[4] the entropy function of 𝛩. 

• Example: 𝐻 𝑋!, 𝑋#, 𝑋&  is 𝐻w 𝛼  for 𝛼 = {1,2,4}.
• Together, the joint entropies form a point in the 24 − 1 dimensional entropy space ℝ#>'!.
• In turn, a point in that space is called entropic if the point corresponds to the entropy 

function 𝐻w of some set 𝛩 of 𝑛 RVs. Let Γ4∗ ⊂ ℝ#>'! be the set of all entropic points. 
• How does that space Γ4∗ ⊂ ℝ#>'! look like?

Our earlier EXAMPLE: 𝑛 = 3, thus 𝑘 = 2$ − 1 = 	7 joint entropies, representing a point in ℝ) 

𝐻 𝑋 = 2 
𝐻 𝑌 = 3 
𝐻 𝑍 = 4 

𝐻 𝑋, 𝑌 = 4	
𝐻 𝑋, 𝑍 = 4 
𝐻 𝑌, 𝑍 = 4 

𝐻 𝑋, 𝑌, 𝑍 = 5 

?

{1, 2, ... n}

https://northeastern-datalab.github.io/cs7840/
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Entropic vectors
• Given a set of 𝑛 RVs 𝛩 = 𝑋!, … , 𝑋4 , written as 𝛩 = 𝑋2 , 𝑖 ∈ [𝑛]. 
• Associated with 𝛩 are 24 − 1 joint entropies 𝐻 𝑋! ,…, 𝐻 𝑋!, … , 𝑋4	 , written as 𝐻w 𝛼 =
𝐻 𝑋x  for any subset of [𝑛]. Call the function 𝐻w 𝛼 , 𝛼 ∈ 2[4] the entropy function of 𝛩. 

• Example: 𝐻 𝑋!, 𝑋#, 𝑋&  is 𝐻w 𝛼  for 𝛼 = {1,2,4}.
• Together, the joint entropies form a point in the 24 − 1 dimensional entropy space ℝ#>'!.
• In turn, a point in that space is called entropic if the point corresponds to the entropy 

function 𝐻w of some set 𝛩 of 𝑛 RVs. Let Γ4∗ ⊂ ℝ#>'! be the set of all entropic points. 
• How does that space Γ4∗ ⊂ ℝ#>'! look like?

Our earlier EXAMPLE: 𝑛 = 3, thus 𝑘 = 2$ − 1 = 	7 joint entropies, representing a point in ℝ) 

𝐼 𝑋; 𝑌|𝑍 ≱0 
𝐻 𝑋 = 2 
𝐻 𝑌 = 3 
𝐻 𝑍 = 4 

𝐻 𝑋, 𝑌 = 4	
𝐻 𝑋, 𝑍 = 4 
𝐻 𝑌, 𝑍 = 4 

𝐻 𝑋, 𝑌, 𝑍 = 5 

Thus this point 2,3,4,4,4,5 ∉ Γ$∗?

https://northeastern-datalab.github.io/cs7840/
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A subtlety: entropic vectors Γ2∗ 	vs. almost entropic vectors ̅Γ2∗
Our earlier "parity example":

For details see: [Yeung'08] Yeung, Information Theory and Network Coding, 2008. Ch 15.1  http://iest2.ie.cuhk.edu.hk/~whyeung/tempo/main2.pdf  

However, a more careful analysis shows that all variables 𝑋, 𝑌, 𝑍 
need to be uniform for this example to work, which implies only 
discrete particular entropies as possible.

𝐻 𝑋|𝑌, 𝑍

𝐻 𝑋 = 1

𝐽 𝑋; 𝑌; 𝑍
𝐼 𝑋; 𝑌|𝑍

−1

𝐻 𝑌

𝐻 𝑍

1

0

0

1

−𝑎
0

𝑎

0

0

𝑎

𝑎

10

More generally (from basic inequalities):

𝐻 𝑋 = 𝑎 ∈ ℝE 𝐻 𝑌

𝐻 𝑍

Γ&∗  set of all entropic vectors
̅Γ&∗  set of all almost entropic vectors: 

defined as topological closure of Γ&∗

Γ&	 subset of vectors that fulfill the 
Shannon inequalities

Γ4∗  
Γ4	

̅Γ4∗  

The closure of a subset S 
of points in a topological 
space consists of all 
points in S together with 
all limit points of S.

Intuitively, it is possible 
to create a mixture model 
that models any rational 
number. The "closure" 
extends that to the real 
numbers.

https://northeastern-datalab.github.io/cs7840/
http://iest2.ie.cuhk.edu.hk/~whyeung/tempo/main2.pdf

