
28

Part 1: Theory
L04: Compression (Algorithmic Derivation 
of Entropy via Compression)

Javed Aslam, Wolfgang Gatterbauer
cs7840 Foundations and Applications of Information Theory (fa24)
https://northeastern-datalab.github.io/cs7840/fa24/  
9/16/2024

Updated 9/17/2024

https://northeastern-datalab.github.io/cs7840/fa24/


29Aslam, Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/ 

Last time Today Next time
-

- -

· Expectatin · Algorithmic · Fundamental

· Variance Derivation of concepts in

· Markov Charis Entropy via InformationTheory

- Compression

· Intuitive Derivation

of Entropy randomness

Eropy T⑪ X

Hartley => Shannon
compressibility > predictability

H(x) = H(-) = Epilg"pi

https://northeastern-datalab.github.io/cs7840/
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Today : Motivate Entropy via Compression
-

·Consider codes with codewards of length 1.
,
1
, 1s...

· Kraft's Frequality : E2-lis) or generally EDlis)
> binary codes CD-any cobes)

mmmm
instantaneous ① Kraft's ③ uniquely
(pretix-free) [S Inequality

E decodable

code codes

②
Note :

= Is ti 1g & log

E(L] = EpilizPipilgi = H

https://northeastern-datalab.github.io/cs7840/
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Compression Setup :

· A sourcerobe C for r.v . X is a maping from

&
,
the range of X, to po

,

the set of strings over

encoding alphabet o.
· the expected length ((2) = EPID) · (x)

X =4

· A code is usingular if every element

of o maps to a unique sorig in
P

,
i
.e,

Ni X = ((i)- ( (xj)
· The extension It of Code C is a maping from-

finite length strings from OX to finite length strings
from D

.

· A code is uniquely dodable if its extension is na-Singular
-

https://northeastern-datalab.github.io/cs7840/
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Classes
ocosis

uniquely
X non-singular ↓ecodable but

instantanal

butnot uniquely becodable- -

-
not instantanenes pretix-fure)

a O O 10 &
G 010 00 10

3 8 Ol VI
118

118
10

& ↓
e. )- 010 110008 a

all codes
could be C

,
at
, ga g( ·
&/ warn decola

prefix-fie
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claim : Instantaneous (prefix-free) code ES Kraft's Frequality

Pf()) : Let I
may

be Imsest codeword

O · cobe of length ti wipes out
"To Y now many leaves ? lanax-li⑧
·

%N
O

· %No
tree only has2omay leaves

max-li salmax
Prefix-free property : i
internal mode code

makes unavaible all -> dividing both sides byaay
possible codes in

subtree below
.

=> Esilis

https://northeastern-datalab.github.io/cs7840/
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li

(E) a 10 a /00

jis 3

N
· Sort by length

t

l
, 11 -- -In

· assign source symbol o
associated / l

,
to first 18

code lexicographically S 110

available of length I,

remove all children as Proof Sketch :

possible codes ·

subtrees assigned contiguously
· repeat for 1

, by , ..., In
left-to-right

· If code lengths satisfy Kraft's
inequality

,
never run out of

sub trees

https://northeastern-datalab.github.io/cs7840/


35Aslam, Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/ 

Setup : Frid li where min ((C) = Spiti
Sot.

Ezilis
ummate
① fla = -2 mio fly ? optimization

*

=0 flit

& f(x
, y)= x+ y2 mir flxy) ! multivariate

Nug optimization

2x =o

flo, 0)=O

E2y =y

https://northeastern-datalab.github.io/cs7840/
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muy f(x) = xty2 Constrained optimization

=
via Lagrange multipliers

&z
((x , y , x) = x +y + X(x+y -1)

= 2x+ x =0

Y subtract

y = 2y + x = 0
2x - 2y=0
X-y=0

I add

- = x+y+ = 0-x
+y= 1

2x= 15
X= Ya ~
y= ya

https://northeastern-datalab.github.io/cs7840/
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Frid ti wher min ((C) = Spili
Sutr Eslis)
- j

-li-lit2
J(

,
x) = Epili + X(52-li - 1) 2 = e

Fu= Pi + X . 2
- li

. ( (n2) = 0
G li

SGS 8
Pit(2)=0

# = Sti _ 1 = 0 =E
li
= I

Pi-z-li= o

& (pi ++.2-2
: -Ina t 2

li
= pi

-> Spi - 1na) · X Szli = 0 => lit Ig Yi

= Pi - (Ind) · 1 . 1 = 0

- Kual . x =u a

https://northeastern-datalab.github.io/cs7840/
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So what is mir L(C) = Epili ?

& Pi : li
*
= EPi-1g"i = H(X)

https://northeastern-datalab.github.io/cs7840/
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·

astTie a Today Next trive
-

· Finish basic · Contine

in Information
results compression

Theory Contine

compression

~

mmmtkraftunige a
decodable

code codes

②
Note :

li= Is i
1g & log

E(L] = EpilizPipilgi = H

https://northeastern-datalab.github.io/cs7840/
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claim : Instantaneous (prefix-free) code ES Kraft's Frequality

Pf()) : Let I
may

be Imsest codeword

O
· cobe of length ti wipes out

i now many leaves ? lanax-li

Y
· Moo-free only has may leas an

O
Prefix-free property : Elmax-li m
internal mode code

makes unavaible all -> dividing both sides byanye possible codes in

subtree below
.

=> Esilis

https://northeastern-datalab.github.io/cs7840/
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· what is (ED-em?xEX

Consider X = (a , c, g ,5) a- 0
2- w

9) = 50 . 1) and R= 2 &> 110:t -> 1· (ED-1(d)(2
x+ X

= ED
-1) p

- f(x)

x,X *+X

=> ED-lM . p-1(x))EDell as *= XxX
xie

= Ed
- f(x)) ((aa) = 2

* = X= XXX & (ac) = 3

X
*EX2

2 . Imax 2: lmax
ext) = 6

= 2 alm) - D
- M

↳ Z D& p
-m

= 2 . l
max

m= 1
M= 1

alm) = # *** where e) =m

I**A) unique decodability -> alm) - DM !
En general

, (Ep-l] k : lmax

https://northeastern-datalab.github.io/cs7840/
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(ED-emm . Im

= [D- e) - (b Sma)
"M

must hold
x-x for all k,

= en[kemes)"] es , let g

= e
thmaa

line

=> ED-e

https://northeastern-datalab.github.io/cs7840/
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·astTie a Today Next trive
-

Implications of · Contine ...

in Information
Kraft's Frequality

Theory
· Shamen Codes

Kraft's Inequality for
· Block coding
Asymptotic Equipation Property

uniquely decodable codes (AEP)

mmmm

instantanesKraft
unigeeasy
decodable

code codes

②
Note :

li= Isi 1g & log

E(L] = EpilizPipilgi = H

https://northeastern-datalab.github.io/cs7840/
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-roundsonStigs Approximation (Mathematical Digressina

Example
Approximations :

good : (Me)
< 10 ! = 3

,

628
,
800 a

better : (u/e)" (n)n = 453
,
999 18. 79

even (e) (1 +01h)) (in = 3
,
598
,
696 21 . 78

better
:

best :Ime)" ein
= 3

,
628
,
80 2 1. 79

wheresu

https://northeastern-datalab.github.io/cs7840/
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Kraft's Frequality : Ecli = /
j

consider
vi=li

- this is a distributia

· L-H(X) = Epili-(-Epilgpi)

= Pi · Igi + pilspi

= ei · Is tpilspi
- Pist + Epi Igejigpi
=is Ig

= o iff
= D1) + Ista-ei

20
20 2-li= Pi=
# li= Is i

https://northeastern-datalab.github.io/cs7840/


48Aslam, Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/ 

To show : H(x) <L** H(X) + 1 <* i ot robe

Shaman codes : di = Fight
claim : these li satisfy Kraft's inequality
if : E2-MIsti] Ez-ls = Zap Epi

=> Validrode lengths; can easily be turned into prefix-free code by earlier
results

Now : Istor li = Tsi7 < Is +

- Pilot Epili Epi (spit)

H(x) - L < H(x + 1

https://northeastern-datalab.github.io/cs7840/
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BlockCoding : arcode blocks of length n at a time

induced distribution pla, --ful = ply) - pla) -- plan)

In = Eph-xu) · 1(x
.
-Xu)

· From last slide

H (X ,
-Xu) < ES(X-Xu)sH(X,- Xy) + 1

=> nH(x) = n . (n < nH(x) +

=> H(X) - (nsH(X) + In
: Can drive inefficiency down arbitrarily small

by using larger and larger blocks.

· Issue : Code book grows exponentially with
block length

https://northeastern-datalab.github.io/cs7840/
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H(p) = 2 .23

2 other codes....

Exam
Shannon

Famo :B
Ls = 2.65pe

· sort prob .
I I Huffman (bpc-bits

· Split as close to solse
· combine
& per character

as possible least probable
* B 7 EDR) un average)

· recurse ·i events bottom-up,
135 . 17 . 17 . 31

creating combined A &BES IDE)
A B

Co
events along the 135 . 34 . 31
way

A op % 2 . 3 dpc

-& L = 2.3 bo3GoDob a - 10 ON
Ne2. 31 bp2 11

2 C

https://northeastern-datalab.github.io/cs7840/
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AED : Asymptotic Equipation Property

Consider based coin &Pr(H) = 13
Pr[T] = 2/3

Flip com times

· what is most probable outcome ? TTT.-T Pr = (1)
· Typical sequence has about YH WhT Pre (13)
Let Pr &"typical sequence = X = (113)/
what is X ? 1gX= (g() + 41(4)

= n - [t(g ++ 192]
= - n . H(X)

- nH(x)
=> Pr["typical sequence = X = 2

https://northeastern-datalab.github.io/cs7840/
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#) no many strings of 1H $25 ?

(us) typical sequences

(h)=en
s

=> 10 = 2

nH(x)

nH(X)
· There are about 2 typical sequences
· Each has about 2-1H probability

=> almost everything one is likely to see is

#pical and equallylikely

https://northeastern-datalab.github.io/cs7840/
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astdieof Today #Nexttime

· AEP · Continue

Kraft's Inequality - formal defs . Fundamentals
& proofs

Shannon
,
Famo,

- consequences
Huffman Codes

seem

· Block Coding Finish fundamentals

· Motivating the

AEP

https://northeastern-datalab.github.io/cs7840/
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(Mathematical Digression)

TwraLawothaaNumRoughly : Sample mean converges to true mean (in probability

· InfoM as no

·
lim Pr)1-M/ < 3) = 1 for any Eso

nt 0

· (VE2o) (FS20) (In) Pr(1n-MKs) > 1-8 Un = no

https://northeastern-datalab.github.io/cs7840/
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thm : (AEP) If X
.Y. Yn are ii.d. uply

,
then

-↓1gp(X*-- Xn) -> H(X) in probability .
-

Intuition : Consider an actual sequence X
,x--Xn

- place=x1) ~leathofthana
se

zu
aug. length per message

-> converges to HIX) as not by block coding
-

Formal Proof: SinceXo are ji. d
.,
then so are r .v . 1gp(Xi) #

By CLN : -GgpIX*-Xn) = -↓gp(Xi
Isxi

= t 1sxil
formalRelations(x,x-x2) ~ H(x) -> E[Isix] in probability
.
"

-
nH(X)

# plXX--(n) ~ 2 = H(X)

https://northeastern-datalab.github.io/cs7840/
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Def : Theal A with respect to plx) is the set

of all sequences (x--XuEXV such that

-
n (H(x) +2) -

n(H(x)- e)

2 => plxie--xn) = 2

~
↑ empirical probability of sequence

thm : D If(x-xul-As
,
then H-2-Agph-Yn) - H(X+E

② Pr[A] > 1-2 for n sufficiently large

③ IAM) - 24
(H(x)+)

④ 1 Ashl = (1-2) 2
CHI-2)

fora sufficiently large
-

Pf : O Immediate from definition of typical set

② By (N (VE2o) (FS20) (7 no)

Pr&(g P(x-xn)- H(x)/ <3] >
+ S Vn > no

↑

typical Let byD choose S = E

https://northeastern-datalab.github.io/cs7840/
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③ IAM) - 24
(H(+) Let = (x*- Xu)

n (H(x) -c)
for1 sufficiently large

It
a

Pf D : For sufficiently large ,
Pr[A] -12 So,..

1 = E Pli)
h 1-2 < Pr[As)]
[PIA)
FEAR) = 2 Pla)

FEAR)
= 22

-n(H(X) +z)

Fe An) S ? 22
-n(H(X) -2)

eA
=> 2

= n)H(t)
· (A)

= 2
-n(H()-c)

. /A
=> IA1224(H(X((a)

=> IA1 = (1-2) · 24 (H(x)
- a)

https://northeastern-datalab.github.io/cs7840/
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Upshot :

-
n (H(x) +2) -

n(HI-2) a typical sequence has

· 2 => plxie--xn) = 2 empical probability
~ 2

-nH(x)

· (A) - 24
(H(x)+) there are

· (Aak1 = (1-d)2CH(4-1)
~ 24 H(x)

typical sequences

· Pr[A] > I-E for n sufficiently large
typical sequences
cortain almost all

probability

https://northeastern-datalab.github.io/cs7840/
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Immediate Consequence for compression

an Block coding compression method (roughly) :

· If I iscal start with a 0S

and encode the exact typical sequence8 in straight binary whingT 1g(2nH()) = uH(X) additional bits
typical set 2nH(X) in size · IfI is notypical , start with a ↳

and encode the exact atypical requence
=> high prob events are

-ypical sequences which
in straight binary using

use nHix)H bits or I (1x14) = n1gI) additional bits

H(X) + In per encoded message,

in average.

I see text for more careful treatment taking into accout E, etc.

https://northeastern-datalab.github.io/cs7840/

