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Pre-class conversations

• Last class recapitulation
• We strive to keep it interactive, also among us faculty
• Why class slides need up to 2 days after a class
• Office hours: Usually right after class, or via email / Teams
• Organizational matters: Piazza messages? Canvas pictures did not 

display correctly?
• New class arrivals

• Today: 
- The basics of probability theory

https://northeastern-datalab.github.io/cs7840/
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Last trive Isday Next time
-

-

·Introduction · Probability Primer Basic concepts
·

course logistics of Info . Theory
· Entropy
- examples

https://northeastern-datalab.github.io/cs7840/
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Probability Example
-

· Randan experiment roll a fair six-sided die

· generate outcomes weM roll a 5
-

·Sample space : Setof-
· 51 , 2 , 3, 4, 5, 6)=

all possible outcomes
-

· Event : subset of sample space
O

El = "even"= 52 , 4, 6)

#2 = "23" = 42
,
4
,
5
,6)

& p :+ t probability measure ·

p(1) = p(z) = p(s)= - - = p(b) = %

· OXp(w) = 1 Ew ->r for

Swem
mus

e .S . P(E) = p(z)+ p(y)+p(6) = "ot'+b& PIE)=EPO

-
= 12

El p(w) = + -wehIt
-

P(z) = IE)/(r) ple)=

https://northeastern-datalab.github.io/cs7840/


5Aslam, Gatterbauer. Foundations and Applications of Information Theory: https://northeastern-datalab.github.io/cs7840/ 

Examples se und dit

-

① Roll one fair die ·-= (1 , 2, 3
,

4
,

3
, 6)

first

② Roll two fair die

R = &(1 , 1)
,
(1 ,2) ,

(1 , 3)
,
--

(2,
1)

,
(2,2)

, .
-(66)]

= [1 , 2
, 3 - - 63451 ,

2
, -16)

El = total is 7 = & (1,
6)

,
12 , 3)

,
(3

,
4)

,

14,3),
(5:2)

,
1611)

P(E) == 1 =
46

36

12 u

Ez =
total is greater than S (E) = 1 + 2 + 3 + 4

= 9 or 10 or 11 or 12 = 10

Pla)===

https://northeastern-datalab.github.io/cs7840/
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① Pr[A(B) =
Or [AnB)
-

B
[

② Pr[Bla] = Pr[AnB)

-

Pr[B)

#-Pr[A]
Independence : Two events ABB are independent

if PrCAlB] = PrCA) , PrCBlA]
= Pr[B)

=> Knowing B does not change your
belief in A.

Knowing A does not change your
belief in B.

claim : A $B are in dependent if and only if PrCAMD)= PREA)-Pr[B]

https://northeastern-datalab.github.io/cs7840/
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① Pr[A(B) =
Or [AnB)

Two events A& B are independent
-

Pr[B)
if PrCAlB] = PrCA) , PrCBlA]

= Pr[B)

② Pr[Bla] = Pr[AnB)
-

Pr[A]

claim : A $B are in dependent if and only if PrCAMD)= PREA)-Pr[B]

Proof :

(t)) If PrIAlBJ = PrCA) , then by O PrCAnB) = PrLAIB)-Pr[B] = Pr(A)
. Pr[B]

(E) If PrIAMD] = Pr2A] - PrEB)
,
then by 0 ②

Pr2AIB) = PAR =

Pr(A) . PBS
I
Pr(A)

B)

Pr(BIA) = CuBP = PrSB) a
PrSA]

https://northeastern-datalab.github.io/cs7840/
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Chain Rules
-

"· Pr(ABC] = ?

- treat AB as an
event ABC

Pr (ABC) = Pr[AB) · Pr(cIAB)

= Pr[A). PrCBIA)-Pr(CIAB)

Generally : Pr[X . X2 --Xn) = PrEX ,]· Pr[XalX] · Pr &XIXX] ... Pr[Xn(Xi ...Xu]

https://northeastern-datalab.github.io/cs7840/
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Bayes Law
-

L
① Pr[A(B) =

Or [AnB) B
-

Pr[B)

-

Pr[A] &② Pr[Bla] = Pr[AnB)
-

D ②
--

PrCAIB] · Pr(B) = PrCARB) = Pr(BIA) Pr(A)

Solumis for Pr[AIB) --

PopodA) Baysa
--

https://northeastern-datalab.github.io/cs7840/
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· Pr[AIB)=). Pr[A]

· what is Pr&B] ?

Pr[B] ⑮
Pr[B) =+

= R[AnB]+ Pr[EnB]

Pr[A(B)=r(B(A)
- Pr(t) = Pr(BIAI . Pr(A) + Pr[BlA] · PrI)

Pr[BIA) Pr[A) + Pr[BlE)-Pr[A]

-

Hi hypothesis-

PrCHIE) =
r[E (H) - Pr[H] Patient has Zika

PrCElH) · PrCH] + PrCEIT) · PrGF] E'.
evidence-

patient tested
positive on

Zika blood
test

https://northeastern-datalab.github.io/cs7840/
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Example : Zika in FL in 2016

Prevalence of tika in EL Prizika) = 10-5 (1 in 100,000)

false negative
·

accuracy of blood test is 99 %
L rate

e -g. Pr[pos . test(zika) = 0.99 on Pr[negtestIzika) = 0. 01

Or [pos· test /no zika) = 0. 01 Or Ineg· test) nozina) = 0 .99
& false positive rate

patient tests positive : what is chance they have Zina ?

=> Lot Pr[pos test Izika) = 0 . 99

=> You want Prizikal pos, test)

https://northeastern-datalab.github.io/cs7840/
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E)= OE)
- Pr()

PrIzika(postest) = 2 pos · test /Zina) - PrEtika)

Pr[pos · test) zika) PrEzika)+ Pr[Pos ·test) notzika) · Pr[notZina]

= (1 - 10
-3)

= 0, 00,00099
-

0, 00,000a + 0 . 0099999

~ 0 . 00099~

s

0 . 1 % i .e, about 1 in 1
,
000 !-

https://northeastern-datalab.github.io/cs7840/
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Seems wildly confer intuitive , but--

10
,
000
,
000 people in #L

107

witika ? 10% 105= 10= 100 ⑳who Zika 10-102 = 9
,

999
,
900

-

test pos W/zika : 100 · 0 .99=
test pos . wo tika : 9

,

999
,
900 · 0.01 =29

.. among those who test pos,

only 99 out of (99+ 99,999)

actually have zika-about 1 is 1000.

https://northeastern-datalab.github.io/cs7840/
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&
Bandun Variable

-

X: Me A car

Two primary types : ·-
① "numerical" ↓

sa 1)
e. g. X 1w) = price of 10 (dillers Sols is it a

is it Porsche?
② "indicator"

E
1 if wish Porsche red?

e .C . X(w) = o if not

=> X is a "random" variable because it depends

on the outcome of a bun experiment
-

=> Underlying Robability measure p :-R induces
-

a distribution D over the range of the
random variable

-

D : ReR

https://northeastern-datalab.github.io/cs7840/
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Expectation
Random variable

X : 1- R

·

E(X]
=Ex

· Pr[X=x] E[X] = & X Sut - p(w)

wer

&

D

https://northeastern-datalab.github.io/cs7840/
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Part 1: Theory
L03: Basics of Probability (2/2) 
[Expectation, Variance, Markov chains]

Javed Aslam, Wolfgang Gatterbauer
cs7840 Foundations and Applications of Information Theory (fa24)
https://northeastern-datalab.github.io/cs7840/fa24/  
9/11/2024

Updated 9/13/2024
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Pre-class conversations

• Last class recapitulation
• PDF Class slides organized by topic (with subsections for classes)
• Any organizational matters: Piazza messages? Organizational 

matters?
• New class arrivals?

• Today: 
- The basics of probability theory
- Intuition behind "information" (and "information measures")

https://northeastern-datalab.github.io/cs7840/
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Expectatin = Cars-

$

Randan variable

↳meeX : 1-

I not

red

E[X] = [x- Pr(X=x] E(X) = [X(w) . plu)

↑ w =r

expected or

"average" value

1 cans $27,000

13 cas $10 , 000

16 cars $15,000

E(X) = Ex· Pr[X=x) = 2: 2708 + 11 - 10
,00 +% - 1500 =$19

, 333 .33

https://northeastern-datalab.github.io/cs7840/
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Roll two fair 6-sideddie

xane16 to play game·· pay you sumof die faces

except if doubles, thenO

X = Winigs (Profit)

G· E[X] = [x. Pr[X=x) · E[X) = EX(w) p(w)
* F WER

induced
x= -6 Pr(x=-b) = %) = 16 distribution =X
x= -3 Pr 2X= -3)= 2/36 = 1/18

i
Pr(x= 5) = 43 = 118

= 5) "Sum whole table")
x= + 5

=
- 6126 = - 0. 165

ESX) = <Ex . Pr(X=x) => lose 16

= (-6)% + (3) . 10 + -
- + 5(4,8) = - 0 . 165 per play , on average

https://northeastern-datalab.github.io/cs7840/
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More on Expectation
-

Exaple : ·Roll two fair 6-sided die

Let X = Sum of die facestQ : E[X] ?

X : -+

-(12)+ 6
E(X) = <X(w)

- p(u)

E[X] = 2X . Pr[X=x)
w = r

X - E X (0) . "36
Y36 wen

X= 2 Pr(X=2)=

2/36
= 136:X

X= 3 Pr(X= 3] =

E X=Y Pr(X=y) = 3/36
= 1/30· [sum of table)
iA i
- 7

X= 12 Pr(X=12) = 136
Linearity of Expectation

TLet XI = riv . for first die rollE(X) = 3, x
- Pr(x=x) Let Xe = r . v. for second die roll

Let X= X, +X *
S

= 2 : " + 3 -2/3 +-- + 12 . %3) = 7 E(X)= E[X ,+Y) = E(X)+ E2X2] =
3.

5

https://northeastern-datalab.github.io/cs7840/
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variance & standard deviating
-

Case 1
case2 -case3
-

-

I I

4'10"g's'2" y's'6 3 s 7

E[X,) = 5 E[X2] = 3 E(Xz) = 5

~tomeasure "variability" ways

nes &e ① Y
,
= X - E(X] X pos

O ECY1] = [Y(w)
· Pw) cancel

Wer

=
- 12" . ((y + 0 43 + (+(2) - 13 Y= (X-E(X) - mean

absolute
= O deviation

② ECYz) = 1 - 12") . 16 + 101) . / + (14) - '

= 12: + 0 . 1/2 + 12:% = 8"
③ Y = (X- E[X))2 -variance

③ ECYz) = (12")? 113 + 1017? 1/3 + (12")2. I

= 96 in
?

- take square root
,
get standard deviation = 9

.

8 in

https://northeastern-datalab.github.io/cs7840/
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v = Var(X) = E((X - E(t])2] - variance
-

= u = = 2(X-E2x))2] - Standarddeviatin

use
- back in Marginal

Claim : EC(X-E(X(2) = E[X2) - (E(X)) units
-

exaple : Cased E(x)= ' = 60 "

E(x) = (x(x(+ (60")2+ 172")2
3

Clai : 3696 - 602
= 3696 - 3600 = 96

-

-

Pf : E[(X- E(y)) = E[X- 2xE[X] + (E(x))2]
= E(X) - E(2xE(X))+ ECE(x)(2]

= E(X) - 2E(X] · E(x) +(E(x))[
= E(x2) - 2(E(X))2 + (E(x))[
= E(x) - (E(X))[

https://northeastern-datalab.github.io/cs7840/
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Markov chairs faz - Pr[B(B)-

B: Bertucci's saM: Margaritas Pr(MIB)
S : Sato O ↑must sum to 1

La-
0.6 Pr[DIB]7 Pr[SIB]+ PrCMIn]

= 1

State transition matrix :

B MS

P = B (
S
all mus sum to 1

S Stochastic matrix
-

-

· 3 . 2 . 5

Q ! If I were to "run" the Markov Chaina,
what is the long-term

fractin of time I would spend visiting each of the modes ?

A : Stationary dribution # = <B
, m ,
its)

#B+m+s = 1

https://northeastern-datalab.github.io/cs7840/
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=> way too long
to converge

,
and just for 3 modes !

https://northeastern-datalab.github.io/cs7840/
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① simulate- takes too long to converge
20z -

② solve algebraicly
- as① B = 7 . B + 3 .M + 3 . S

- .2B +.4 M -0.25=0La-② M = 0 .2. B + 0.6 M + 0.2 - Se
0 . 6

-
-
IB-- /M+,SS =0

-

② S = 0 . 1 . B + a. 1
.

M + 0.5 . S

① · 3 B -3M - 35 = 0

But also have ② + 3B- . >M- 35 =0

⑳ B+M+ = 1

&useB+ M+s = 1

&
3M=-(-SXQ -B +2M-S = 0

10x - B - M + 5) = 0

-but in
sma i uninaous

takes Oln) time
,

which is infeasible for largen.

https://northeastern-datalab.github.io/cs7840/
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Guess an answer for
⑨ B = 7 . B + 3 .M + 3S

stationary distribution
② M = 0.2. B + 0.6M + 0.2 - S

Bo = %3

Mo ↳ ③ S = 0 . 1 . B + 0. 1
.

M + 0.5 . S

-it neu
guess

B
,
= zx(z +

,3x4z + ,3x = ,433 12

g & 113
Mi =

2x z + ,6x( + 12x / = 0333

Si = (x y + (x(zt ·3xyy = ·233 ③ 16

E
Ba = ·7x . 43) + 3x . 37) + 3x . 22) = ·

4735
-

g new gues

Ma = --- =. 335
=> iterate

Sa = - - = ·
1935 until convergence

https://northeastern-datalab.github.io/cs7840/
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=> rapid convergence;

Very efficient

https://northeastern-datalab.github.io/cs7840/

