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Outline: T3-4: Optimization, Top-k, Ranked Enumeration

• Dynamic Programming (DP)
– Shortest path algorithms
– DP & shortest path enumeration
– Non-serial DP (NSDP) and Tree Decompositions for SAT
– Yannakakis and NSDP
– Algebraic Structures (Semirings)

• Top-k
• Ranked Enumeration

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/


123Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

Why algebra? Think abstraction and generalization

• Abstraction:

• Generalization:

https://northeastern-datalab.github.io/cs7240/
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Why algebra? Think abstraction and generalization

• Abstraction: an emphasis on the 
idea and properties rather than the 
particulars (hiding irrelevant details) 
- main goal in "Abstract algebra"
- e.g. groups in group theory

• Generalization:

Example on the right from: https://matheducators.stackexchange.com/questions/10949/what-is-abstraction-and-generalization/10957

https://northeastern-datalab.github.io/cs7240/
https://matheducators.stackexchange.com/questions/10949/what-is-abstraction-and-generalization/10957
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Why algebra? Think abstraction and generalization

• Abstraction: an emphasis on the 
idea and properties rather than the 
particulars (hiding irrelevant details) 
- main goal in "Abstract algebra"
- e.g. groups in group theory

• Generalization: a broadening of 
application to several objects with 
similar functions.
- e.g. Algorithms: finding the shortest 

path not just in one graph but any 
graph

Example on the right from: https://matheducators.stackexchange.com/questions/10949/what-is-abstraction-and-generalization/10957

https://northeastern-datalab.github.io/cs7240/
https://matheducators.stackexchange.com/questions/10949/what-is-abstraction-and-generalization/10957


124Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

Let's start with groups! Why groups?

• Groups are one of the most important structures studied in abstract 
algebra

• What is so special about groups?

https://northeastern-datalab.github.io/cs7240/
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Groups have the minimum properties needed to solve equations

Screenshot from: Socratica: Abstract Algebra: Motivation for the definition of a group, https://www.youtube.com/watch?v=yHq_yzYZV6U

(ℤ,+, 0): Integers under addition

https://northeastern-datalab.github.io/cs7240/
https://www.youtube.com/watch?v=yHq_yzYZV6U
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Why something weaker than groups?

• For some important computational problems like Dynamic 
Programming, we don't need to "solve equations". 
- Thus we don't need an inverse ("we don't need to go back")

• Let's look at weaker structures

...

Screenshot from: Gondran, Minoux. "Graphs, Dioids and Semirings: New Models and Algorithms", 2008. https://www.springer.com/gp/book/9780387754499

https://northeastern-datalab.github.io/cs7240/
https://www.springer.com/gp/book/9780387754499
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Figure credits: https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm,

Group-like structures
Set S

Magma (S,⊕) 

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

+

https://northeastern-datalab.github.io/cs7240/
https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm
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Figure credits: https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm,

Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

+

+

https://northeastern-datalab.github.io/cs7240/
https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm
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Figure credits: https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm,

Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

Monoid (S,⊕,e)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

3. Identity element: 
$eÎS. "xÎS. [e⊕x = x⊕e = x]

+

+

+

https://northeastern-datalab.github.io/cs7240/
https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm
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Figure credits: https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm,

Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

Monoid (S,⊕,e)

Group (S,⊕,e)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

3. Identity element: 
$eÎS. "xÎS. [e⊕x = x⊕e = x]

4. Inverse: 
"xÎS. $x-1ÎS. [x-1⊕x = x⊕x-1 = e]

+

+

+

+

https://northeastern-datalab.github.io/cs7240/
https://www.euclideanspace.com/maths/discrete/groups/monoid/index.htm
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Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

Monoid (S,⊕,e)

Group (S,⊕,e) Abelian Group (S,⊕,e)

Commutative Monoid (S,⊕,e)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

3. Identity element: 
$eÎS. "xÎS. [e⊕x = x⊕e = x]

4. Inverse: 
"xÎS. $x-1ÎS. [x-1⊕x = x⊕x-1 = e]

4.
5. Commutativity: x⊕y = y⊕x

5.

+

+

+

+ +
+

+

?

What are intuitive examples for:
• a group 

• monoids (that are not groups)

• semi-groups (that are not monoids)?

?

?

https://northeastern-datalab.github.io/cs7240/
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Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

Monoid (S,⊕,e)

Group (S,⊕,e) Abelian Group (S,⊕,e)

Commutative Monoid (S,⊕,e)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

3. Identity element: 
$eÎS. "xÎS. [e⊕x = x⊕e = x]

4. Inverse: 
"xÎS. $x-1ÎS. [x-1⊕x = x⊕x-1 = e]

4.
5. Commutativity: x⊕y = y⊕x

5.

+

+

+

+ +
+

+

?

What are intuitive examples for:
• a group 

• monoids (that are not groups)

• semi-groups (that are not monoids)?

- (ℤ,+, 0): Integers under addition

?

https://northeastern-datalab.github.io/cs7240/
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Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

Monoid (S,⊕,e)

Group (S,⊕,e) Abelian Group (S,⊕,e)

Commutative Monoid (S,⊕,e)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

3. Identity element: 
$eÎS. "xÎS. [e⊕x = x⊕e = x]

4. Inverse: 
"xÎS. $x-1ÎS. [x-1⊕x = x⊕x-1 = e]

4.
5. Commutativity: x⊕y = y⊕x

5.

+

+

+

+ +
+

+

?

What are intuitive examples for:
• a group 

• monoids (that are not groups)

• semi-groups (that are not monoids)?

- (ℤ,+, 0): Integers under addition

- (ℕ,+, 0): Natural numbers {0, 1, ...}
- (ℝ,min,∞): minimum has no inverse
- (𝒫(X),∪,∅): union has no inverse w.r.t. ∅
- String concatenation with null string ε
- Square matrices under matrix multiplication 

https://northeastern-datalab.github.io/cs7240/
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Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

Monoid (S,⊕,e)

Group (S,⊕,e) Abelian Group (S,⊕,e)

Commutative Monoid (S,⊕,e)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

3. Identity element: 
$eÎS. "xÎS. [e⊕x = x⊕e = x]

4. Inverse: 
"xÎS. $x-1ÎS. [x-1⊕x = x⊕x-1 = e]

4.
5. Commutativity: x⊕y = y⊕x

5.

What are intuitive examples for:
• a group 

• monoids (that are not groups)

• semi-groups (that are not monoids)?

+

+

+

+ +
+

+

- (ℤ,+, 0): Integers under addition

- (ℕ,+, 0): Natural numbers {0, 1, ...}
- (ℝ,min,∞): minimum has no inverse
- (𝒫(X),∪,∅): union has no inverse w.r.t. ∅
- String concatenation with null string ε
- Square matrices under matrix multiplication 

- Even numbers under multiplication
- (ℕ1,+): Positive integers {1, 2, ...}
- String concatenation without null string

https://northeastern-datalab.github.io/cs7240/
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What do we exactly lose by not having an inverse?

• Let's take a quick detour and look at some examples to illustrate 
what we lose by having monoids instead of groups

https://northeastern-datalab.github.io/cs7240/
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Monoids vs. Groups: Examples

• Commutative group (with inverse)
- (ℝ, +, 0) ?e.g., 3 + 3-1 =

https://northeastern-datalab.github.io/cs7240/
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Monoids vs. Groups: Examples

• Commutative group (with inverse)
- (ℝ, +, 0)
- (ℝ\{0}, · , 1)

e.g., 3 + 3-1 =
e.g., 3 · 3-1 = ?

3 + (-3) = 0 recall: inverse w.r.t. (+,0)

https://northeastern-datalab.github.io/cs7240/
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Monoids vs. Groups: Examples

• Commutative group (with inverse)
- (ℝ, +, 0)
- (ℝ\{0}, · , 1)

• Commutative monoid (w/o inverse)
- ({0,1},∧,1) ... logical conjunction
• identity element 1:    x∧1 = 1∧x=x 
• What is the inverse 0-1 s.t. 0∧0-1 = 1

3 + (-3) = 0
3 · (1/3) = 1

e.g., 3 + 3-1 =
e.g., 3 · 3-1 =

recall: inverse w.r.t. (+,0)

?

https://northeastern-datalab.github.io/cs7240/
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Monoids vs. Groups: Examples

• Commutative group (with inverse)
- (ℝ, +, 0)
- (ℝ\{0}, · , 1)

• Commutative monoid (w/o inverse)
- ({0,1},∧,1) ... logical conjunction
• identity element 1:    x∧1 = 1∧x=x 
• What is the inverse 0-1 s.t. 0∧0-1 = 1

- (ℝ∞,min,∞)
• identity element ∞:    min[x,∞] =x
• What is the inverse 3-1 s.t. min[3,3-1] = ∞

3 + (-3) = 0
3 · (1/3) = 1

e.g., 3 + 3-1 =
e.g., 3 · 3-1 =

recall: inverse w.r.t. (+,0)

There is no such inverse L

?

https://northeastern-datalab.github.io/cs7240/
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Monoids vs. Groups: Examples

• Commutative group (with inverse)
- (ℝ, +, 0)
- (ℝ\{0}, · , 1)

• Commutative monoid (w/o inverse)
- ({0,1},∧,1) ... logical conjunction
• identity element 1:    x∧1 = 1∧x=x 
• What is the inverse 0-1 s.t. 0∧0-1 = 1

- (ℝ∞,min,∞)
• identity element ∞:    min[x,∞] =x
• What is the inverse 3-1 s.t. min[3,3-1] = ∞

3 + (-3) = 0
3 · (1/3) = 1

e.g., 3 + 3-1 =
e.g., 3 · 3-1 =

recall: inverse w.r.t. (+,0)

There is no such inverse L

There is no such inverse L

https://northeastern-datalab.github.io/cs7240/
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The power of groups (i.e. of having an inverse)

• Assume(x,y,z) s.t. x⊕y=z
- Given y and z (and knowing that z was calculated), deduce x

• (ℝ,+,0) and (x,y,z)=(1,2,3)
- x+2=3

What is x? ?

https://northeastern-datalab.github.io/cs7240/
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The power of groups (i.e. of having an inverse)

• Assume(x,y,z) s.t. x⊕y=z
- Given y and z (and knowing that z was calculated), deduce x

• (ℝ,+,0) and (x,y,z)=(1,2,3)
- x+2=3

• ({0,1},∧,1) and (x,y,z)=(1,0,0)
- x∧0=0

x=z+y-1=3+(-2)=1What is x?

What is x? ?

https://northeastern-datalab.github.io/cs7240/
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The power of groups (i.e. of having an inverse)

• Assume(x,y,z) s.t. x⊕y=z
- Given y and z (and knowing that z was calculated), deduce x

• (ℝ,+,0) and (x,y,z)=(1,2,3)
- x+2=3

• ({0,1},∧,1) and (x,y,z)=(1,0,0)
- x∧0=0

• (ℝ∞,min,∞) and (x,y,z)=(3,2,2)
- x min 2 = 2

x=z+y-1=3+(-2)=1What is x?

x could be 0 or 1What is x?

What is x? ?

https://northeastern-datalab.github.io/cs7240/


145Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

The power of groups (i.e. of having an inverse)

• Assume(x,y,z) s.t. x⊕y=z
- Given y and z (and knowing that z was calculated), deduce x

• (ℝ,+,0) and (x,y,z)=(1,2,3)
- x+2=3

• ({0,1},∧,1) and (x,y,z)=(1,0,0)
- x∧0=0

• (ℝ∞,min,∞) and (x,y,z)=(3,2,2)
- x min 2 = 2

x=z+y-1=3+(-2)=1What is x?

x could be 0 or 1What is x?

x can be anything in [2,∞]What is x?

https://northeastern-datalab.github.io/cs7240/
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Totally ordered commutative monoids
= monoids "with order"

• Turns out, for problem solving like Dynamic programming we don't 
need an inverse

• But we need some "order"
- This leads to the key structure we need for any-k or ranked enumeration: 

a "totally ordered commutative monoid" (next)

https://northeastern-datalab.github.io/cs7240/
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+

+ +

5.

Group-like structures
Set S

Magma (S,⊕) 

Semi-group (S,⊕)

Group (S,⊕,e) Abelian Group (S,⊕,e)

Totally Ordered Commutative Monoid (S,⊕,e,≤)

1. Closed binary operation ⊕: 
If x,yÎS then (x⊕y)ÎS 

2. Associativity: 
x⊕(y⊕z) = (x⊕y)⊕z

3. Identity element: 
$eÎS. "xÎS. [e⊕x = x⊕e = x]

4. Inverse: 
"xÎS. $x-1ÎS. [x-1⊕x = x⊕x-1 = e]

6. ≤ total order that is translation-invariant
∀x,y,z ∈ S: x≤y ⇒ x⊕z ≤ y⊕z

4.

Monoid (S,⊕,e) Commutative Monoid (S,⊕,e)

+

+

+

+ 5. Commutativity: x⊕y = y⊕x

+

https://northeastern-datalab.github.io/cs7240/
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Totally ordered commutative monoid

• Totally ordered commutative monoid (S,⊕,e,≤)
6. ≤ total order that is translation-invariant (sometimes called "compatible" 

with ⊕, or monotonic), i.e.
- ∀x,y,z ∈ S: x≤y ⇒ x⊕z ≤ y⊕z
- equivalent to "optimal substructure" in DP

• Let's generalize
- min [(x⊕z), (y⊕z)] =

s m t
x

y

z

x≤y ⊕ z

?

when the solution to an optimization problem can be 
constructed from optimal solutions to its subproblems.

https://northeastern-datalab.github.io/cs7240/
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Totally ordered commutative monoid

• Totally ordered commutative monoid (S,⊕,e,≤)
6. ≤ total order that is translation-invariant (sometimes called "compatible" 

with ⊕, or monotonic), i.e.
- ∀x,y,z ∈ S: x≤y ⇒ x⊕z ≤ y⊕z
- equivalent to "optimal substructure" in DP

• Let's generalize
- min [(x⊕z), (y⊕z)] =
- (x⊕z) min (y⊕z) = (x min y) ⊕ z (+ distributes over min)

min[x,y] ⊕ z

s m t
x

y

z

x≤y ⊕ z
when the solution to an optimization problem can be 
constructed from optimal solutions to its subproblems.

https://northeastern-datalab.github.io/cs7240/
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Totally ordered commutative monoid

• Totally ordered commutative monoid (S,⊕,e,≤)
6. ≤ total order that is translation-invariant (sometimes called "compatible" 

with ⊕, or monotonic), i.e.
- ∀x,y,z ∈ S: x≤y ⇒ x⊕z ≤ y⊕z
- equivalent to "optimal substructure" in DP

• Let's generalize
- min [(x⊕z), (y⊕z)] =
- (x⊕z) min (y⊕z) = (x min y) ⊕ z (+ distributes over min)
- (x · z)    +     (y · z) = (x    +   y)  · z (multipl. distributes over add.)

min[x,y] ⊕ z

s m t
x

y

z

x≤y ⊕ z
when the solution to an optimization problem can be 
constructed from optimal solutions to its subproblems.

https://northeastern-datalab.github.io/cs7240/
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Rings and Semirings: what we get from two operators

• Groups and group-like structures consider a set and one binary 
operator (with various properties)

• Rings and ring-like structures consider a set and two operators (with 
various properties and "interactions" like the distributive law)

• Notice (!) that "totally ordered commutative monoids" are actually 
a special case of semirings
- the second operator is just selective! This implies an order.
- now we are back to where we were during the provenance discussion J

https://northeastern-datalab.github.io/cs7240/
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Semirings

• Semiring (S,⊕,⊗,0,1)
1. (S,⊕,0) is commutative monoid
2. (S,⊗,1) is monoid
3. ⊗ distributes over ⊕: (x⊕y) ⊗ z = (x⊗ z) ⊕ (y⊗ z)
4. 0 annihilates ⊗: 0 ⊗ x = 0

semirings are rings 
w/o the additive inverse

e.g.: matrix multiplication 
is not commutative

Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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Semirings

• Semiring (S,⊕,⊗,0,1)
1. (S,⊕,0) is commutative monoid
2. (S,⊗,1) is monoid
3. ⊗ distributes over ⊕: (x⊕y) ⊗ z = (x⊗ z) ⊕ (y⊗ z)
4. 0 annihilates ⊗: 0 ⊗ x = 0

• Examples
1. 𝕋=(ℝ&∞,min,+,∞,0) Shortest-distance: min[x,y] + z = min[(x+z),(y+z)]

min-sum semiring, also called tropical semiring: sum distributes over min 
not the other way: min[x+y,z] ≠ min[x,z] + min[y,z]; e.g. min[3+4,5] = 5 ≠ 7 =min[3,5] + min[4,5]

2. ℝ=(ℝ,+, · ,0,1) Ring of real numbers
3. 𝔹=({0,1},∨,∧,0,1) Boolean (set semantics)
4. ℕ=(ℕ,+, · ,0,1) Number of paths (bag semantics)
5. 𝕍=([0,1],max, · ,0,1) Probability of best derivation (Viterbi)

semirings are rings 
w/o the additive inverse

e.g.: matrix multiplication 
is not commutative

Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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Ring-like structures

Figure credits: https://kevinbinz.com/2014/11/16/goodman-semiring-parsing/, 
https://math.stackexchange.com/questions/2361889/graphically-organizing-the-interrelationships-of-basic-algebraic-structures
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

ℚ (rational numbers)
ℤ/5ℤ (integers mod 5)
!(#)
%(#)

field of rational fcts

except 0

sometimes called 
ring w/o identity

sometimes called 
ring w identity

𝔹=(𝔹, ∨, ∧ , 0, 1): Boolean semiring
1 + 1 = 1, thus ∨ has no inverse

(ℕ, +, ⋅ , 0, 1): Natural numbers
no inverses

Polynomials with semiring
coefficients (e.g. ℕ[x])

(rng) (rig)

2ℤ: Even integers

ℝ[x] real polynomials 
ℤ/4ℤ (integers mod 4)

𝑎 𝑏
𝑐 𝑑 |𝑎, 𝑏, 𝑐, 𝑑 are integers

non-zero 
elements 
form an

https://northeastern-datalab.github.io/cs7240/
https://kevinbinz.com/2014/11/16/goodman-semiring-parsing/
https://math.stackexchange.com/questions/2361889/graphically-organizing-the-interrelationships-of-basic-algebraic-structures
https://northeastern-datalab.github.io/cs7240/
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Three properties of binary operators
⊕ is selective: 
x ⊕ y = x or y   ∀x,y∊S ? Can you think of one example?

https://northeastern-datalab.github.io/cs7240/
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Three properties of binary operators
⊕ is selective: 
x ⊕ y = x or y   ∀x,y∊S

Element w of magma (S,⊕) is idempotent: 
w ⊕ w = w

e.g. min(2,3) = 2

?

https://northeastern-datalab.github.io/cs7240/
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Three properties of binary operators
⊕ is selective: 
x ⊕ y = x or y   ∀x,y∊S

Element w of magma (S,⊕) is idempotent: 
w ⊕ w = w

e.g. 0 for addition

e.g. min(2,3) = 2

⊕ is idempotent: 
x ⊕ x = x   ∀x∊S

Example for idempotent unary operation: abs()
abs(-2) = 2, abs(abs(-2))=2

?

https://northeastern-datalab.github.io/cs7240/
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Three properties of binary operators
⊕ is selective: 
x ⊕ y = x or y   ∀x,y∊S

Element w of magma (S,⊕) is idempotent: 
w ⊕ w = w

e.g. 0 for addition

e.g. min(2,3) = 2

⊕ is idempotent: 
x ⊕ x = x   ∀x∊S

Example for idempotent unary operation: abs()
abs(-2) = 2, abs(abs(-2))=2

e.g. min(x,x) = x
Example for idempotent but not selective:selective ⇒ idempotent:

?

https://northeastern-datalab.github.io/cs7240/
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Three properties of binary operators
⊕ is selective: 
x ⊕ y = x or y   ∀x,y∊S

Element w of magma (S,⊕) is idempotent: 
w ⊕ w = w

w absorbing for ⊕: 
x ⊕ w = w   ∀x∊S

e.g. 0 for addition

e.g. min(2,3) = 2

⊕ is idempotent: 
x ⊕ x = x   ∀x∊S

Example for idempotent unary operation: abs()
abs(-2) = 2, abs(abs(-2))=2

e.g. min(x,x) = x

e.g. x ⊕ y = (x+y)/2 ∀x,y∊ℝ
Example for idempotent but not selective:selective ⇒ idempotent:

e.g. set union ∪, say for a power set (𝒫(X),∪,∅)

?

https://northeastern-datalab.github.io/cs7240/
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Three properties of binary operators
⊕ is selective: 
x ⊕ y = x or y   ∀x,y∊S

Element w of magma (S,⊕) is idempotent: 
w ⊕ w = w

w absorbing for ⊕: 
x ⊕ w = w   ∀x∊S

e.g. 0 for addition

w absorbing ⇒ w idempotent:

e.g. min(2,3) = 2

⊕ is idempotent: 
x ⊕ x = x   ∀x∊S

e.g. multiplication with 0: x ⋅ 0 = 0

Example for idempotent unary operation: abs()
abs(-2) = 2, abs(abs(-2))=2

e.g. conjunction with 0 (False): x ∧ 0 = 0

e.g. min(x,x) = x

Example for idempotent w that is not absorbing:

e.g. x ⊕ y = (x+y)/2 ∀x,y∊ℝ
Example for idempotent but not selective:selective ⇒ idempotent:

e.g. set union ∪, say for a power set (𝒫(X),∪,∅)

?

https://northeastern-datalab.github.io/cs7240/
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Three properties of binary operators
⊕ is selective: 
x ⊕ y = x or y   ∀x,y∊S

Element w of magma (S,⊕) is idempotent: 
w ⊕ w = w

w absorbing for ⊕: 
x ⊕ w = w   ∀x∊S

e.g. 0 for addition

w absorbing ⇒ w idempotent:

e.g. min(2,3) = 2

⊕ is idempotent: 
x ⊕ x = x   ∀x∊S

e.g. multiplication with 0: x ⋅ 0 = 0

Example for idempotent unary operation: abs()
abs(-2) = 2, abs(abs(-2))=2

e.g. conjunction with 0 (False): x ∧ 0 = 0

e.g. min(x,x) = x

Example for idempotent w that is not absorbing:

e.g. x ⊕ y = (x+y)/2 ∀x,y∊ℝ

e.g. 2 is idempotent for min but not absorbing: 
min: min(2,2) = 2, min(-10,2) ≠ 2

Example for idempotent but not selective:selective ⇒ idempotent:

e.g. set union ∪, say for a power set (𝒫(X),∪,∅)

e.g. for the set union ∪ for power set (𝒫(X),∪,∅) 
only the whole domain X is absorbing

https://northeastern-datalab.github.io/cs7240/
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Semirings that are not rings
𝔹=(𝔹, ∨, ∧ , 0, 1)

∨ 0 1
0 0 1
1 1 1

ℤ/2ℤ =({0,1}, +, ⋅ , 0, 1)

+ 0 1
0 0 1
1 1 0

∧ 0 1
0 0 0
1 0 1

⋅ 0 1
0 0 0
1 0 12 ≡ 0 (mod 2)

?Which is here a ring and which is only a semiring

Also ℤ2: residue when dividing by 2. 
Think of binary arithmetic: 1+1 = 10

https://northeastern-datalab.github.io/cs7240/
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Semirings that are not rings
𝔹=(𝔹, ∨, ∧ , 0, 1): Boolean semiring

∨ 0 1
0 0 1
1 1 1

ℤ/2ℤ =({0,1}, +, ⋅ , 0, 1): Field of Integers mod 2

+ 0 1
0 0 1
1 1 0

∧ 0 1
0 0 0
1 0 1

⋅ 0 1
0 0 0
1 0 12 ≡ 0 (mod 2)

Also ℤ2: residue when dividing by 2. 
Think of binary arithmetic: 1+1 = 10

special rings "with division"

group (1 has an additive inverse)monoid (1 has no additive inverse)
x ∨ 1 = 1 ⇒ x could be 0 or 1
x ∨ 1 = 0 ⇒ No x exists!

x + 1 = 1 ⇒ x=0
x + 1 = 0 ⇒ x=1

The Boolean semiring is the simplest 
example of a semiring that is not a ring!
(Notice it is commutative)

Intuitively:
+ Monoid
+ - Group
+ X Semiring
+ - X Ring
+ - X÷ Field

https://northeastern-datalab.github.io/cs7240/
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Semirings that are not rings
𝔹=(𝔹, ∨, ∧ , 0, 1): Boolean semiring

∨ 0 1
0 0 1
1 1 1

ℤ/2ℤ =({0,1}, +, ⋅ , 0, 1): Field of Integers mod 2

+ 0 1
0 0 1
1 1 0

∧ 0 1
0 0 0
1 0 1

⋅ 0 1
0 0 0
1 0 12 ≡ 0 (mod 2)

Also ℤ2: residue when dividing by 2. 
Think of binary arithmetic: 1+1 = 10

special rings "with division"

group (1 has an additive inverse)monoid (1 has no additive inverse)
x ∨ 1 = 1 ⇒ x could be 0 or 1
x ∨ 1 = 0 ⇒ No x exists!

x + 1 = 1 ⇒ x=0
x + 1 = 0 ⇒ x=1

∨ is selective: x ∨ y = x or y   ∀x,y∊S

⇒ ∨ is also idempotent: x ∨ x = x   ∀x∊S

1 + 1 = 0 not selective

no absorbing elementx ∨ 1 = 1 1 is absorbing

not idempotent

https://northeastern-datalab.github.io/cs7240/
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Totally ordered commutative monoids = special type of 
semirings called dioids

• Totally ordered commutative monoids can actually be seen as 
special cases of semirings
- the second operator is just selective! This implies a total order.

https://northeastern-datalab.github.io/cs7240/
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Two equivalent algebraic perspectives of DP
Monoid perspective Semiring perspective

• Totally ordered commutative monoid (S,⊗,e,≤)
- ≤ total order that is translation-invariant, i.e.
∀x,y,z ∈ S: x≤y ⇒ x ⊗ z ≤ y ⊗ z

- implies the distributivity law (⊗ distributes over min):
(x ⊗ z) min (y ⊗ z) = (x min y) ⊗ z 

- equivalent to "optimal substructure" in DP

• Selective commutative dioid (S,⊕,⊗,e⊕,e⊗)
- semiring, thus ⊗ distributes over ⊕
- semiring, thus ⊕ is commutative
- commutative semiring, thus ⊗ is also commutative
- additionally, ⊕ is selective:

x ⊕ y = x or y   ∀x,y∊S
- selectivity & commutativity implies:

total order ≤ on Ss m t

x

y

z

x≤y ⊕ z

(ℝA∞,min,+,∞,0): tropical semiring(ℝA∞,+,0): totally ordered comm. monoid
(ℝA∞,min,∞): selective monoid

https://northeastern-datalab.github.io/cs7240/
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Selective dioids

Screenshots from: Gondran, Minoux. "Graphs, Dioids and Semirings: New Models and Algorithms", 2008. https://www.springer.com/gp/book/9780387754499

https://northeastern-datalab.github.io/cs7240/
https://www.springer.com/gp/book/9780387754499
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Selective dioids

Screenshots from: Gondran, Minoux. "Graphs, Dioids and Semirings: New Models and Algorithms", 2008. https://www.springer.com/gp/book/9780387754499

https://northeastern-datalab.github.io/cs7240/
https://www.springer.com/gp/book/9780387754499
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Selective dioids

Screenshots from: Gondran, Minoux. "Graphs, Dioids and Semirings: New Models and Algorithms", 2008. https://www.springer.com/gp/book/9780387754499

https://northeastern-datalab.github.io/cs7240/
https://www.springer.com/gp/book/9780387754499
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Selectivity of ⊕ is all we need to add to a semiring

Screenshots from: Gondran, Minoux. "Graphs, Dioids and Semirings: New Models and Algorithms", 2008. https://www.springer.com/gp/book/9780387754499

https://northeastern-datalab.github.io/cs7240/
https://www.springer.com/gp/book/9780387754499
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Rings instead of Semi-rings: the power of a 
multiplicative inverse for Matrix Multiplication

• Strassen's algorithm only works with rings

https://northeastern-datalab.github.io/cs7240/
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Multiplying 2´2 matrices

8 multiplications
4 additions

Works over any semi-ring!
Strassen. Gaussian Elimination is not Optimal. Numerical Mathematics, 1969. https://doi.org/10.1007/BF02165411
https://en.wikipedia.org/wiki/Strassen_algorithm, https://en.wikipedia.org/wiki/Matrix_multiplication_algorithm
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.1007/BF02165411
https://en.wikipedia.org/wiki/Strassen_algorithm
https://en.wikipedia.org/wiki/Matrix_multiplication_algorithm
https://northeastern-datalab.github.io/cs7240/
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Strassen’s 2´2 algorithm

11 11 11 12 21

12 11 12 12 22

21 21 11 22 21

22 21 12 22 22

C A B A B
C A B A B
C A B A B
C A B A B

= +
= +
= +
= +

1 11 22 11 22

2 21 22 11

3 11 12 22

4 22 21 11

5 11 12 22

6 21 11 11 12

7 12 22 21 22

( )( )
( )
( )
( )

( )
( )( )
( )( )

M A A B B
M A A B
M A B B
M A B B
M A A B
M A A B B
M A A B B

-

-

= + +
= +
=

=
= +

=

= +

- +

-
11 1 4 5 7

12 3 5

21 2 4

22 1 2 3 6

C M M M M
C M M
C M M
C M M M M

= + +
=

=

-

+-

+
= +

+ 7 multiplications
18 additions/subtractions

Strassen. Gaussian Elimination is not Optimal. Numerical Mathematics, 1969. https://doi.org/10.1007/BF02165411
https://en.wikipedia.org/wiki/Strassen_algorithm, https://en.wikipedia.org/wiki/Matrix_multiplication_algorithm
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

Works over any ring!
(requirees additive inverse, but does not assume multiplication to be commutative)

Subtraction!

Matrix multiplication exponent 𝜔

𝜔<2.4

https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.1007/BF02165411
https://en.wikipedia.org/wiki/Strassen_algorithm
https://en.wikipedia.org/wiki/Matrix_multiplication_algorithm
https://northeastern-datalab.github.io/cs7240/
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https://northeastern-datalab.github.io/cs7240/
https://en.wikipedia.org/wiki/Strassen_algorithm


199Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/2006 - Song, Dongarra, Moore - Experiments with Strassens' Algorithm -- from sequential to parallel. https://scholar.google.com/scholar?cluster=11243079065050760755

https://northeastern-datalab.github.io/cs7240/
https://scholar.google.com/scholar?cluster=11243079065050760755


200Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/2015 - Scot, Holtz, Schwartz - Matrix Multiplication I/O-Complexity by Path Routing. https://scholar.google.com/scholar?cluster=11405555996616102029

10/19/21: Nikos: your encoding 
for inequalities, can you somehow 
show it too in such a graph 
"without recursion"? Or does the 
sqrt factor prevent it?

https://northeastern-datalab.github.io/cs7240/
https://scholar.google.com/scholar?cluster=11405555996616102029
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2014 - Ballard, Carson, Demmel, Hoemmen, Knight, Schwartz - Communication lower bounds and optimal algorithms for numerical linear algebra. 
https://scholar.google.com/scholar?cluster=5579566613906327435
2013 - Ballard, Demmel, Holtz, Schwartz - Graph Expansion and Communication Costs of Fast Matrix Multiplication. 
https://scholar.google.com/scholar?cluster=18415048850270527405

https://northeastern-datalab.github.io/cs7240/
https://scholar.google.com/scholar?cluster=5579566613906327435
https://scholar.google.com/scholar?cluster=18415048850270527405
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The power of Semirings is rediscovered again and again

• Semirings are not "as famous" as rings or groups in abstract algebra, 
but form the basis of efficient algorithms
- we often don't need an inverse for the semiring addition
- we calculate "forward" not backwards (we don't solve equations)

• Thus they are "rediscovered" again and again in various branches of 
computer science

https://northeastern-datalab.github.io/cs7240/
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Power of semirings are rediscovered again and again

1. Bistarelli, Montanari, Rossi. Semiring-Based Constraint Satisfaction
and Optimization. JACM 1997 (cited > 800 times, 3/2020)

"We introduce a general framework for constraint satisfaction and 
optimization where classical CSPs, fuzzy CSPs, weighted CSPs, partial 
constraint satisfaction, and others can be easily cast. The framework is 
based on a semiring structure, where the set of the semiring specifies the 
values to be associated with each tuple of values of the variable domain, 
and the two semiring operations (1 and 3) model constraint projection and 
combination respectively. Local consistency algorithms, as usually used for 
classical CSPs, can be exploited in this general framework as well..."

Paper: Bistarelli, Montanari, Rossi. Semiring-Based Constraint Satisfaction and Optimization. JACM 1997. https://doi.org/10.1145/256303.256306
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://doi.org/10.1145/256303.256306
https://northeastern-datalab.github.io/cs7240/
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Power of semirings are rediscovered again and again

2. Aji, McEliece: The generalized distributive law. IEEE Transactions 
on Information Theory 2000 (cited >950 times in 3/2020)

"... we discuss a general message passing algorithm, 
which we call the generalized distributive law (GDL). 
The GDL is a synthesis of the work of many authors 
in the information theory, digital communications, 
signal processing, statistics, and artificial intelligence 
communities. It includes as special cases ... Although 
this algorithm is guaranteed to give exact answers 
only in certain cases (the “junction tree” condition), 
... much experimental evidence, and a few 
theorems, suggesting that it often works 
approximately even when it is not supposed to.

Paper: Aji, McEliece: The generalized distributive law. IEEE Transactions on Information Theory, 2000. https://doi.org/10.1109/18.825794
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://doi.org/10.1109/18.825794
https://northeastern-datalab.github.io/cs7240/
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Power of semirings are rediscovered again and again

3. Mohri: Semiring frameworks and algorithms for shortest-distance 
problems. Journal of Automata, Languages and Combinatorics. 
2002 (cited 290 times in 3/2020)

"We define general algebraic frameworks for shortest-distance problems 
based on the structure of semirings. We give a generic algorithm for finding 
single-source shortest distances in a weighted directed graph when the 
weights satisfy the conditions of our general semiring framework.
... Classical algorithms such as that of Bellman-Ford [4, 17] are specific 
instances of this generic algorithm ... The algorithm of Lawler [24] is a specific 
instance of this algorithm."

Paper: Mohri. Semiring frameworks and algorithms for shortest-distance problems. Journal of Automata, Languages and Combinatorics, 2002. https://doi.org/10.25596/jalc-2002-321
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://doi.org/10.25596/jalc-2002-321
https://northeastern-datalab.github.io/cs7240/
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Power of semirings are rediscovered again and again

4. Green, Karvounarakis, Tannen. Provenance semirings. PODS 2007. 
(PODS 2017 test-of-time award)

Paper: Green, Karvounarakis, Tannen. Provenance semirings. PODS 2007. https://doi.org/10.1145/1265530.1265535 , Figure credit: Val Tannen's EDBT 2010 keynote.
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://doi.org/10.1145/1265530.1265535
https://northeastern-datalab.github.io/cs7240/
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Power of semirings are rediscovered again and again

5. Khamis, Ngo, Rudra. FAQ: Questions Asked Frequently. PODS 2016 
(PODS 2016 best paper award)

"We define and study the Functional Aggregate 
Query (FAQ) problem, which encompasses 
many frequently asked questions in constraint 
satisfaction, databases, matrix operations, 
probabilistic graphical models and logic. This is 
our main conceptual contribution... We then 
present a simple algorithm called InsideOut to 
solve this general problem. InsideOut is a 
variation of the traditional dynamic 
programming approach for constraint 
programming based on variable elimination."

Paper: Khamis, Ngo, Rudra. FAQ: Questions Asked Frequently. PODS 2016. https://doi.org/10.1145/2902251.2902280
Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://doi.org/10.1145/2902251.2902280
https://northeastern-datalab.github.io/cs7240/
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Power of semirings are rediscovered again and again

6. Tziavelis+. Optimal Algorithms for Ranked Enumeration of Answers to Full 
Conjunctive Queries. PVLDB 2020

Paper: Tziavelis, Ajwani, Gatterbauer, Riedewald, Yang. Optimal Algorithms for Ranked Enumeration of Answers to Full Conjunctive Queries. PVLDB 2020. https://dl.acm.org/doi/10.14778/3397230.3397250

Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

Ranked results

Time

https://dl.acm.org/doi/10.14778/3397230.3397250
https://northeastern-datalab.github.io/cs7240/
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Power of semirings are rediscovered again and again

6. Tziavelis+. Optimal Algorithms for Ranked Enumeration of Answers to Full 
Conjunctive Queries. PVLDB 2020

Paper: Tziavelis, Ajwani, Gatterbauer, Riedewald, Yang. Optimal Algorithms for Ranked Enumeration of Answers to Full Conjunctive Queries. PVLDB 2020. https://dl.acm.org/doi/10.14778/3397230.3397250

Wolfgang Gatterbauer. Principles of scalable data management. https://northeastern-datalab.github.io/cs7240/

https://dl.acm.org/doi/10.14778/3397230.3397250
https://northeastern-datalab.github.io/cs7240/
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Outline: T3-4: Optimization, Top-𝑘, Ranked Enumeration

• Dynamic Programming (DP)
• Top-𝑘

– SIGMOD 2020 tutorial
• Ranked Enumeration
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Top-𝑘 with ranking functions

• What if a query has many answers but the user is only interested in 
the 𝑘 most important answer?
- "most important": we assume we have access to some ranking function 

that imposes a total order on the output tuples
• Naive approach: return all results, rank them, keep the top-𝑘
• Goal: avoid first producing all answers (and then ranking them)

• Please see our detailed tutorial with slides and a recorded video:
https://northeastern-datalab.github.io/topk-join-tutorial/ ,
https://www.youtube.com/watch?list=PL_72ERGKF6DR7kvGNwwj
WlbpScKtGjt9R&v=KpUQayBuaQI

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/topk-join-tutorial/
https://www.youtube.com/watch?list=PL_72ERGKF6DR7kvGNwwjWlbpScKtGjt9R&v=KpUQayBuaQI
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Outline: T3-4: Optimization, Top-𝑘, Ranked Enumeration

• Dynamic Programming (DP)
• Top-𝑘
• Ranked Enumeration

– Enumeration
– Ranked Enumeration
– SIGMOD 2020 tutorial
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The enumeration framework

𝑂(𝑛) 𝑂(𝑟)

Standard Yannakakis framework for acyclic join processing

# results
𝑟

time

# results

𝑟

time𝑂(𝑟)

𝑂(𝑟)𝑂(𝑛)

DB

𝑂(𝑛)

DB
preprocessing

𝑂(𝑛)

DB'

"Delay notation" preprocessing delay : e.g. 𝑛! 𝑛" or 𝑛 log 𝑛 1

Enumeration framework

P𝑂(𝑛)

𝑂(𝑟)

enumerate with

𝑂 1 delay

𝑂(𝑟)

join processing

Soft-O notation is hiding logarithmic factors: &𝑂 𝑛 = 𝑂(𝑛 ⋅ polylog 𝑛) = 𝑂(𝑛 ⋅ log!𝑛 ). See e.g. https://en.wikipedia.org/wiki/Big_O_notation#Extensions_to_the_Bachmann%E2%80%93Landau_notations

𝑟 = 𝑛#∗ worst-case result size (AGM bound)
𝜌∗ = fractional edge cover

𝑂( IN + |OUT|)

𝑂( IN ) 𝑂( IN + |OUT|)

https://northeastern-datalab.github.io/cs7240/
https://en.wikipedia.org/wiki/Big_O_notation
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Modified Yannakakis for answer enumeration

• Table-at a time: 
- After the semi-join reduction, Yannakakis visits each table once top-down, 

and at each stage increases the size of the answer set
• Tuple-at a time: 
- We will instead modify the algorithm and jump between answer tuples
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Yannakakis Algorithm example: 2nd pass

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = -y,z

z = -x,y y,z = -x

y,z = - ∅

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

Notice that at the end of the second 
pass, all tables are reduced; no table 
contains any more dangling tuples.

In other words, *every* table now 
"knows" whether the Boolean version 
of the query is true.

Semi-join phase⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order

REPEAT SLIDE
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Yannakakis Algorithm example: 3rd pass

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

?

1

Join results

Notice how with every join, the join 
result can never decrease in size!

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Join phase⋈ (compute results) in 𝘖(|output|)
3. Compute the results in a 2nd top-down 

(or 2nd bottom-up) traversal: 
- This step can actually be combined with the earlier 

top-down traversal; thus two total passes (first from
leaves, then from root) are actually enough J

REPEAT SLIDE
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R(y,z)

b1
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T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Yannakakis Algorithm example: 3rd pass

y z

S(p,w)
x y z

z

y z
b1 
b1 

c1 
c2 

b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

Notice how with every join, the join 
result can never decrease in size!

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Join phase⋈ (compute results) in 𝘖(|output|)
3. Compute the results in a 2nd top-down 

(or 2nd bottom-up) traversal: 
- This step can actually be combined with the earlier 

top-down traversal; thus two total passes (first from
leaves, then from root) are actually enough J

REPEAT SLIDE
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R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Yannakakis Algorithm example: 3rd pass

y z

S(p,w)
x y z

z

y z
b1
b1
b1
b1
b1
b1

c1
c1
c1
c2
c2
c2

p
e1
e1
e4
e1
e1
e4

f1
f2
f6
f1
f2
f6

w

b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

⋈
2 3

4 5

1

Join results

Notice how with every join, the join 
result can never decrease in size!

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Join phase⋈ (compute results) in 𝘖(|output|)
3. Compute the results in a 2nd top-down 

(or 2nd bottom-up) traversal: 
- This step can actually be combined with the earlier 

top-down traversal; thus two total passes (first from
leaves, then from root) are actually enough J

REPEAT SLIDE
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R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Yannakakis Algorithm example: 3rd pass

y z

S(p,w)
x y z

z

y z
b1
b1
b1
b1
b1
b1

c1
c1
c1
c2
c2
c2

p
e1
e1
e4
e1
e1
e4

f1
f2
f6
f1
f2
f6

w
a1
a1
a1
a1
a1
a1

x

b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

⋈
2 3

4 5

1

Join results

Notice how with every join, the join 
result can never decrease in size!

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Join phase⋈ (compute results) in 𝘖(|output|)
3. Compute the results in a 2nd top-down 

(or 2nd bottom-up) traversal: 
- This step can actually be combined with the earlier 

top-down traversal; thus two total passes (first from
leaves, then from root) are actually enough J

REPEAT SLIDE

https://northeastern-datalab.github.io/cs7240/


‹#›Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Yannakakis Algorithm example: 3rd pass

y z

S(p,w)
x y z

z uy z

y z
b1 
b1 
b1 
b1 
b1 
b1 

c1
c1
c1
c2
c2
c2

p
e1
e1
e4
e1
e1
e4

f1
f2
f6
f1
f2
f6

w
a1
a1
a1
a1
a1
a1

x

b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

⋈

2 3

4 5

1

Join results

Notice how with every join, the join 
result can never decrease in size!

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Join phase⋈ (compute results) in 𝘖(|output|)
3. Compute the results in a 2nd top-down 

(or 2nd bottom-up) traversal: 
- This step can actually be combined with the earlier 

top-down traversal; thus two total passes (first from
leaves, then from root) are actually enough J

REPEAT SLIDE
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

p
e1
e1
e4

f1
f2
f6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

Yannakakis Algorithm example: summary

y z

S(p,w)
w x y z

z

∅ = +p,w

z = +∅ y,z = +u

uy z

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

⋈

2 3

4 5

1

Notice how with every join, the join 
result can never decrease in size!

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Join phase⋈ (compute results) in 𝘖(|output|)
3. Compute the results in a 2nd top-down 

(or 2nd bottom-up) traversal: 
- This step can actually be combined with the earlier 

top-down traversal; thus two total passes (first from
leaves, then from root) are actually enough J

y z
b1 
b1 
b1 
b1 
b1 
b1 
b1 
b1 
b1 

c1
c1
c1
c2
c2
c2
c2
c2
c2

p
e1 
e1 
e4
e1 
e1 
e4
e1 
e1 
e4

f1 
f2 
f6
f1 
f2 
f6
f1 
f2 
f6

w
a1
a1
a1
a1
a1
a1
a1
a1
a1

x
d1
d1
d1
d1
d1
d1
d2
d2
d2

u
Join results
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5 ?

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 c1 
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R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1  c1 e1 f1 a1 d1 
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c4
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Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 

c1 
c1 

e1 
e1 

f1 
f2 

a1 
a1 

d1 
d1 
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Modified Yannakakis Algorithm example: enumeration
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Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).
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1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 
b1 

c1 
c1 
c1 

e1 
e1 
e4

f1 
f2 
f6
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d1 
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Modified Yannakakis Algorithm example: enumeration
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Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).
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Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 
b1 
b1 

c1 
c1 
c1 
c2 

e1 
e1 
e4
e1 

f1 
f2 
f6
f1 

a1 
a1 
a1 
a1 

d1 
d1 
d1 
d1 
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 
b1 
b1 
b1 

c1 
c1 
c1 
c2 
c2 

e1 
e1 
e4
e1 
e1 

f1 
f2 
f6
f1 
f2 

a1 
a1 
a1 
a1 
a1 

d1 
d1 
d1 
d1 
d1 
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 
b1 
b1 
b1 
b1 

c1 
c1 
c1 
c2 
c2 
c2 

e1 
e1 
e4
e1 
e1 
e4

f1 
f2 
f6
f1 
f2 
f6

a1 
a1 
a1 
a1 
a1 
a1 

d1 
d1 
d1 
d1 
d1 
d1 
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 
b1 
b1 
b1 
b1 
b1 

c1 
c1 
c1 
c2 
c2 
c2 
c2 

e1 
e1 
e4
e1 
e1 
e4
e1 

f1 
f2 
f6
f1 
f2 
f6
f1 

a1 
a1 
a1 
a1 
a1 
a1 
a1 

d1 
d1 
d1 
d1 
d1 
d1 
d2 
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 
b1 
b1 
b1 
b1 
b1 
b1 

c1 
c1 
c1 
c2 
c2 
c2 
c2 
c2 

e1 
e1 
e4
e1 
e1 
e4
e1 
e1 

f1 
f2 
f6
f1 
f2 
f6
f1 
f2 

a1 
a1 
a1 
a1 
a1 
a1 
a1 
a1 

d1 
d1 
d1 
d1 
d1 
d1 
d2 
d2  
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Database Theory

R(y,z)

b1
b1
b4

c1
c2
c6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Modified Yannakakis Algorithm example: enumeration

y z

S(p,w)
x y z

z
b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

p
e1
e1
e4

f1
f2
f6

w

∅ = +p,w

z = +∅ y,z = +u

y,z = +x

Q(y,z,p,w,x,u) :- R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u).

2 3

4 5

1

Join results

We start with some tuple in the root 
and extend it with consistent tuples

Semi-join phase ⋊ (remove dangling tuples) in 𝘖(|input|)
1. Bottom-up semi-join propagation from leaves

to root in some reverse topological order
2. Top-down semi-join propagation from 

root to leaves in some topological order
Enumeration phase⋈ (compute answers with 𝘖(1) delay)
3. Compute one result after the other in lexicographic 

order of the variables (added with the tables ordered 
in some topological order): (y,z)+(p,w)+(x)+(u)

y z p w x u
b1 
b1 
b1 
b1 
b1 
b1 
b1 
b1 
b1 

c1
c1
c1
c2
c2
c2
c2
c2
c2

e1 
e1 
e4
e1 
e1 
e4
e1 
e1 
e4

f1 
f2 
f6
f1 
f2 
f6
f1 
f2 
f6

a1
a1
a1
a1
a1
a1
a1
a1
a1

d1
d1
d1
d1
d1
d1
d2
d2
d2

https://northeastern-datalab.github.io/cs7240/
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Enumeration for general (acyclic) full queries

• Preprocessing: 
- can be done in time needed to answer the Boolean query O(|IN|BooleanWidth)

• Enumeration:
- then with constant delay enumerate all solutions, thus O(|OUT|)

https://northeastern-datalab.github.io/cs7240/


287Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

# results
𝑂(? )

time𝑂(? )𝑂(? )

The enumeration framework: examples

# results
𝑂(? )

time𝑂(? )𝑂(? )

? ?

? ?

4-path query

4-cycle query

?

?

https://northeastern-datalab.github.io/cs7240/
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The enumeration framework: examples

# results
𝑂(? )

time𝑂(? )𝑂(? )
? ?

4-path query

4-cycle query

?

# results
𝑂(𝑛%)

time𝑂(𝑛%)𝑂(𝑛)
𝑛 1

Zhtw(𝑄) = 1 fractional hypertree width
𝜌∗(𝑄) = 3 fractional edge cover 

https://northeastern-datalab.github.io/cs7240/
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# results
𝑂(𝑛%)

time𝑂(𝑛%)𝑂(𝑛)

The enumeration framework: examples

# results
𝑂(𝑛&)

time𝑂(𝑛&)𝑂(𝑛!.()

𝑛 1

Zhtw(𝑄) = 1 fractional hypertree width
𝜌∗(𝑄) = 3 fractional edge cover 

Zhtw(𝑄) = 2 fractional hypertree width
𝜌∗(𝑄) = 2 fractional edge cover 
subw(𝑄) = 1.5 submodular width

𝑛!.( 1

4-path query

4-cycle query

https://northeastern-datalab.github.io/cs7240/
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Width measures in query decomposition methods
Boolean CQ Full CQs

ghw generalized hypertree width: Gottlob, Leone, Scarcello. "Hypertree Decompositions and Tractable Queries", JCSS 2002 (from PODS'99). https://doi.org/10.1006/jcss.2001.1809
fhw fractional hypertree width: Grohe, Marx. "Constraint solving via fractional edge covers", TALG 2014 (from SODA'06). https://doi.org/10.1145/2636918
subw submodular width: Marx. "Tractable hypergraph properties for constraint satisfaction and conjunctive queries", JACM 2013 (from STOC'10). https://doi.org/10.1145/2535926
𝜌∗ fractional edge cover: Atserias, Grohe, Marx. "Size bounds and query plans for relational joins", SICOMP 2013 (from FOCS'08). https://doi.org/10.1137/110859440

ghw fhw subw 𝜌∗

2 1½ 1½
2 2 1½
2 2 1⅔ 

6

3
4

5

ℓ

3

ℓ

1½
2

2½

2 2 1⅔ 3

2 2 2- !

⎡ℓ/$⎤
ℓ/2

1 1 1 2

1 1 1 ⌈(ℓ+1)/2 ⌉

2 1 1 1 2

3 1 1 1 3

https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.1006/jcss.2001.1809
https://doi.org/10.1145/2636918
https://doi.org/10.1145/2535926
https://doi.org/10.1137/110859440
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Outline: T3-4: Optimization, Top-𝑘, Ranked Enumeration

• Dynamic Programming (DP)
• Top-𝑘
• Ranked Enumeration

– Enumeration
– Ranked Enumeration
– SIGMOD 2020 tutorial
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Assume there is a preferred order on the answers

R(A,B) S(B,C) T(C,D)

SELECT *
FROM R natural join S
natural join T

R(A,B) S(B,C)

T(C,D)

https://northeastern-datalab.github.io/cs7240/
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Assume there is a preferred order on the answers

R(A,B,W) S(B,C,W)

T(C,D,W)

R(A,B,W) S(B,C,W) T(C,D,W)

SELECT *
FROM R natural join S
natural join T
Order by R.W+S.W+T.W 

cost or weight associated with each tuple

Rank

https://northeastern-datalab.github.io/cs7240/
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Assume there is a preferred order on the answers

R(A,B,W) S(B,C,W)

T(C,D,W)

R(A,B,W) S(B,C,W) T(C,D,W)

SELECT *
FROM R natural join S
natural join T
Order by R.W+S.W+T.W
Limit 10 

cost or weight associated with each tuple

Rank

https://northeastern-datalab.github.io/cs7240/
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𝑅
𝑤𝐴

11

22

33

…...

𝐵

0

0

0

0

𝑆
𝐵 𝑤

0

0

0

0

𝐶

1

2

3

...

1

2

3

…

join

606

𝑛n 0 0 n 𝑛

n=1000: 
n=5000: 

tQ1=  0.88 sec 
tQ1=18.6 sec

Top-𝑘 is evaluated inefficiently by modern DBMS's

SQL example available at: https://github.com/northeastern-datalab/cs3200-activities/tree/master/sql

https://northeastern-datalab.github.io/cs7240/
https://github.com/northeastern-datalab/cs3200-activities/tree/master/sql
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𝑅
𝑤𝐴

11

22

33

…...

𝐵

0

0

0

0

𝑆
𝐵 𝑤

0

0

0

0

𝐶

1

2

3

...

1

2

3

…

join

606

𝑛n 0 0 n 𝑛

Maximal intermediate 
result size is O(n)  J

~Dynamic programming

n=1000: 
n=5000: 

tQ1=  0.88 sec 
tQ1=18.6 sec

tQ2=2 msec
tQ2=8 msec

Top-𝑘 is evaluated inefficiently by modern DBMS's

SQL example available at: https://github.com/northeastern-datalab/cs3200-activities/tree/master/sql

https://northeastern-datalab.github.io/cs7240/
https://github.com/northeastern-datalab/cs3200-activities/tree/master/sql
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Any-𝑘: Faster and more versatile than Top-𝑘

R(A,B,W) S(B,C,W)

T(C,D,W)

R(A,B,W) S(B,C,W) T(C,D,W)

SELECT *
FROM R natural join S
natural join T
Order by R.W+S.W+T.W
Limit 10 

Rank

https://northeastern-datalab.github.io/cs7240/
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Any-𝑘: Faster and more versatile than Top-𝑘

R(A,B,W) S(B,C,W)

T(C,D,W)

R(A,B,W) S(B,C,W) T(C,D,W)

SELECT *
FROM R natural join S
natural join T
Order by R.W+S.W+T.W
Limit 10 

Rank

Goal:
• Return the first result as fast as you can. 
• Then the next.
• Then the next, ...
• Until the end.

https://northeastern-datalab.github.io/cs7240/
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TTL

TTL

Any-𝑘 (or "Ranked Enumeration"): Problem Definition

RAM Cost Model: 
• TTF =	Time-to-First	=	TT 1
• Delay(𝑘)	=	Interval	𝑘→	(𝑘+1)
• TTL =	Time-to-Last	=	TT |out|

#r
es

ul
ts

time
Delay(𝑘)

“Any-𝑘”: Anytime algorithms + Top-𝑘 for Join Queries

Most important results first
(ranking function on output 
tuples, e.g. sum of weights)

All results eventually returned
No need to set 𝑘 in advance

𝑘

𝑘+1

TT(𝑘) =	Time-to-𝑘th

Source: Nikos Tziavelis. https://ntzia.github.io/

https://northeastern-datalab.github.io/cs7240/
https://ntzia.github.io/
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Experiments: TT(𝑘) for Any-𝑘 variants vs. batch and PSQL

0.05
Source: https://northeastern-datalab.github.io/anyk/
Tziavelis, Ajwani , Gatterbauer, Riedewald, Yang. "Optimal Algorithms for Ranked Enumeration of Answers to Full Conjunctive Queries." PVLDB 2020. https://doi.org/10.14778/3397230.3397250

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/anyk/
https://doi.org/10.14778/3397230.3397250
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Any-𝑘: Faster and more versatile than Top-𝑘

Path query with 
constant size output 
and increasing query size

Source: https://northeastern-datalab.github.io/anyk/
Tziavelis, Ajwani , Gatterbauer, Riedewald, Yang. "Optimal Algorithms for Ranked Enumeration of Answers to Full Conjunctive Queries." PVLDB 2020. https://doi.org/10.14778/3397230.3397250

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/anyk/
https://doi.org/10.14778/3397230.3397250
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TTL (Time-To-Last)
faster than sorting:
How is that possible?
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A famous problem: X+Y

𝑛

𝑋 𝑌

5

7

9

10

10

11

12

14

15

1

4

5

Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌

5

7

9

10

10

11

12

14

15

1

4

5

Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

6

8

9

10

10

11

11

...

11

12

Output

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

6

9

10

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

Idea: keep one PQ of size 𝑛

6

8

9

10

10

11

11

...

11

12

PQ Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

8

9

10

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

6

8

9

10

10

11

11

...

11

12

PQ

Idea: keep one PQ of size 𝑛

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

10

9

10

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

6

8

9

10

10

11

11

...

11

12

PQ

Idea: keep one PQ of size 𝑛

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

10

11

10

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

6

8

9

10

10

11

11

...

11

12

PQ

Idea: keep one PQ of size 𝑛

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

11

11

10

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

6

8

9

10

10

11

11

...

11

12

PQ

Idea: keep one PQ of size 𝑛

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

11

11

12

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

6

8

9

10

10

11

11

...

11

12

PQ

Idea: keep one PQ of size 𝑛

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

11

11

12

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

6

8

9

10

10

11

11

...

11

12

PQ

Idea: keep one PQ of size 𝑛

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

12

11

12

Output Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

6

8

9

10

10

11

11

...

11

12

PQ

Idea: keep one PQ of size 𝑛

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

𝑚

https://northeastern-datalab.github.io/cs7240/
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A famous problem: X+Y

𝑛

𝑋 𝑌
𝑛 pointers

5

7

9

10

10

11

12

14

15

1

4

5

12

13

12

6

8

9

10

10

11

11

Given: 𝑋 and 𝑌 sorted
Problem: enumerate 𝑋 + 𝑌 sorted

Better:(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

...

Output

11

12

PQ

Idea: keep one PQ of size 𝑛

𝑚

Naive: (𝑛 ⋅ 𝑚) ⋅ log(𝑛 ⋅ 𝑚)

𝑛 ⋅ 𝑚(𝑛 ⋅ 𝑚) ⋅ log(𝑛)

https://northeastern-datalab.github.io/cs7240/
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Now assume X+Y+Z. That's our TTL J

𝑚 = 𝑛e

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers

(𝑛 ⋅ 𝑚) ⋅ log(𝑛) = 𝑛f ⋅ log(𝑛)

𝑛e ⋅ log(𝑛) TTL: (𝑛f + 𝑛e) ⋅ log(𝑛)

3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

https://northeastern-datalab.github.io/cs7240/
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Now assume X+Y+Z. That's our TTL J But bad TTF L

𝑚 = 𝑛e

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers

(𝑛 ⋅ 𝑚) ⋅ log(𝑛) = 𝑛f ⋅ log(𝑛)

𝑛e ⋅ log(𝑛) TTL: (𝑛f + 𝑛e) ⋅ log(𝑛)

3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

But can we get TTF in
𝑛 log𝑛 ?

Yes: think Depth-first
instead of Breath-first!

https://northeastern-datalab.github.io/cs7240/
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

6

9

10

PQ
5

9

10

PQ

𝑛 ⋅ 𝑚

6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e

https://northeastern-datalab.github.io/cs7240/
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

8

9

10

PQ
7

9

10

PQ
6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e
𝑛 ⋅ 𝑚

https://northeastern-datalab.github.io/cs7240/
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

10

9

10

PQ
10

9

10

PQ
6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e
𝑛 ⋅ 𝑚
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

10

11

10

PQ
10

9

10

PQ
6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e
𝑛 ⋅ 𝑚

https://northeastern-datalab.github.io/cs7240/
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

11

11

10

PQ
10

11

10

PQ
6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e
𝑛 ⋅ 𝑚
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

11

11

12

PQ
10

11

10

PQ
6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e
𝑛 ⋅ 𝑚
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

11

11

12

PQ

11

10

PQ
6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e
𝑛 ⋅ 𝑚
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Now assume X+Y+Z: Depth-first for best TTF

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

12

11

12

PQ

11

PQ
6

8

9

10

10

11

11

...

Output

11

12

𝑚 = 𝑛e
𝑛 ⋅ 𝑚
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X+Y+Z: Depth-first for best TTF, but sorting by stages J

𝑋 𝑌′

𝑛

𝑌 𝑍

𝑛

𝑛 pointers
3

5

8

2

6

7

𝑛

𝑛 pointers
5

7

9

10

10

11

12

14

15

1

4

5

12

13

12

PQ

11

PQ
6

8

9

10

10

11

11

...

Output

11

12

TTL: 𝑛f ⋅ log(𝑛)

Notice: PQs per stages,
but order depth-first
gives best of worlds:

TTF: 𝑛 ⋅ log(𝑛)

𝑚 = 𝑛e
𝑛 ⋅ 𝑚

https://northeastern-datalab.github.io/cs7240/
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Asymptotic difference in TTL

𝑋 𝑌 𝑍 …

TTL: (𝑛ℓ + 𝑛ℓhi + 𝑛ℓhe +⋯+ 𝑛e + 𝑛) ⋅ log 𝑛 = 𝑛ℓ ⋅ log(𝑛)

Sorting 𝑛ℓ ⋅ log 𝑛ℓ = 𝑛ℓ ⋅ ℓ ⋅ log(𝑛)

+ + +

ℓ sets/relations

https://northeastern-datalab.github.io/cs7240/
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Recursive Enumeration Algorithm (REA)

To the best of our knowledge, the algorithm from the previous pages was first 
descried by [Jiménez, Marzal'99] in the context of shortest path enumeraKon. 
It was called Recursive EnumeraKon Algorithm (REA).

To the best of our knowledge, the fact that this algorithm reuses computaKon 
in a way that can asymptoKcally outperform sorKng for Time-To-Last in some 
cases was first analyzed and also verified experimentally in [Tziavelis+'20].

Jiménez, Marzal. "Compujng the 𝐾 shortest paths: a new algorithm and an experimental comparison." WAE, 1999. hkps://doi.org/10.1007/3-540-48318-7_4
Tziavelis, Ajwani , Gakerbauer, Riedewald, Yang. "Opjmal Algorithms for Ranked Enumerajon of Answers to Full Conjuncjve Queries." PVLDB 2020. hkps://doi.org/10.14778/3397230.3397250

https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.1007/3-540-48318-7_4
https://doi.org/10.14778/3397230.3397250
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Overview of Results for full equi-joins

• Anyk-Part variants have lower complexity over all instances
• But there are cases where the Recursive approach wins for TTL

(*) assuming constant-time lookup with hashing

Recall: 
ℓ = query size
n	= data size
r = output size
TT(𝑘)	=	Time-to-𝑘th

In expecta*on.
Can be derandomized with 
good pivot selec*ons.

Tziavelis, Ajwani , Gakerbauer, Riedewald, Yang. "Opjmal Algorithms for Ranked Enumerajon of Answers to Full Conjuncjve Queries." PVLDB 2020. hkps://doi.org/10.14778/3397230.3397250

https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.14778/3397230.3397250
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Summary of results
: Anytime Top-k tree pattern retrieval in labeled graphs

: 3h tutorial "Toward Responsive DBMS: Optimal Join Algorithms, 
Enumeration, Factorization, Ranking, and Dynamic Programming"

: 1.5h tutorial "Optimal Join Algorithms meet Top-𝑘" 
https://northeastern-datalab.github.io/topk-join-tutorial/

hNps://northeastern-datalab.github.io/anyk/ (papers, slides, videos, and code) 

: OpQmal Algorithms for Ranked EnumeraQon of Answers to Full ConjuncQve Queries

: Beyond Equi-joins: Ranking, Enumeration and Factorization

: Tractable Orders for Direct Access to Ranked Answers of Conjunctive Queries
(selected among best of conference)

[WWW'18] 

[PVLDB'20] 

[PVLDB'21] 

[PODS'21] 

[SIGMOD'20 tutorials] 

[ICDE'22 tutorials] 

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/topk-join-tutorial/
https://northeastern-datalab.github.io/anyk/

