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Outline: T3-2: Cyclic conjunctive queries

• T3-1: Acyclic conjunctive queries
• T3-2: Cyclic conjunctive queries

– 2SAT (a detour)
– Tree decompositions
– Decompositions of hypertrees
– Duality in Linear programming (a quick primer)
– AGM bound (maximal result size for full CQs)
– Worst-case optimal joins & the triangle query
– Worst-case optimal joins & the 4-cycle
– Optimal joins & the 4-cycle

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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Topic Duality in Linear Programming (LP)

• Subtopics
- Connections between Set packing and Set covers in graphs
- Linear Programming (LP) and duality gaps
- LP relaxations of ILP problems (Integer Linear Programming)
- Duality b/w independent vertex sets and edge covers

https://northeastern-datalab.github.io/cs7240/
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Let's use graphs to explain duality in LP (Linear Programming)

• Coverings problems in graphs: set of subsets that cover all elements
- min set cover: min number of subsets to cover the entire domain
- min vertex cover: min number of vertices to cover all edges
- min edge cover: min number of edges to cover all vertices

• Packing problems in graphs: set of disjoint subsets
- max set packing: max number of subsets that are pairwise disjoint 
- max independent (vertex) set: max number of vertices not sharing edges
- max independent edge set = matching: maximum number of edges that 

don't share any nodes (every vertex can be in max one matching)

https://northeastern-datalab.github.io/cs7240/
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Independent set

1 2

5 4

6 7 3

Independent set (IS): set of vertices 
that are not connected (white)

https://northeastern-datalab.github.io/cs7240/
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6 7 3

VC vs. Ind set ?

Vertex cover (VC): set of vertices 
that covers all edges

Independent set (IS): set of vertices 
that are not connected (white)

?

Assume you are given an independent set.
How do you find a vertex cover?

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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VC =c Ind set

Set S is a VC iff the complement Vc = V − S is an IS

Proof: for each edge at most one vertex is in Vc. 
Thus at least one vertex is in Set S. 

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Independent set (IS): set of vertices 
that are not connected (white)

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/


334Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Matching vs. VC?

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

?

What is a possible connection between VC and matchings

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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Thus, any VC has at least the size of any matching
⇒ Size of any matching ≤ any VC

A VC needs to cover at least each edge from 
any matching

1 2

5 4

6 7 3

Matching ≤ VC

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
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6 7 3

Matching ≤ VC =c Ind set (summary so far)

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

Independent set (IS): set of vertices 
that are not connected (white)

?What intuitive problem is missing

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
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Cover problems: set of subsets that cover all elements

Packing problems: set of disjoint subsets (max set

Matching ≤ VC =c Ind set (summary so far)

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

Independent set (IS): set of vertices 
that are not connected (white)
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?What intuitive problem is missing

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Matching ≤ VC =c Ind set   vs. Edge cover

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

Independent set (IS): set of vertices 
that are not connected (white)
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Cover problems: set of subsets that cover all elements 
(min set cover: min vertex cover, min edge cover)

Packing problems: set of disjoint subsets 
(max set packing: max ind set, max matching)

Edge cover: set of edges that cover 
all vertices (blue)?What is its 

connection
of edge cover

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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Matching ≤ VC =c Ind set ≤ Edge cover

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

Independent set (IS): set of vertices 
that are not connected (white)
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Edge cover: set of edges that cover 
all vertices (blue)

Thus, any IS is lower bound to the size of any edge cover
⇒ Size of min edge cover ≥ max IS

An edge cover needs to cover at least each 
vertex from any IS

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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4 graph problems in the incidence matrix

Set 
Cover

Set 
Packing

Choose Vertices Choose Edges

Independent 
Set

Matching = 
Ind. edge set

Vertex Cover Edge Cover
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≥ dual

complement

NP-complete PTIME

≤ dual
complement

https://northeastern-datalab.github.io/cs7240/
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Background: MAX independent (vertex) set ≤ MIN edge cover

• Assume graph G is connected. Thus, every vertex has at least one edge (unless just one vertex)
• Suppose 𝑆 is an independent set and 𝐸 is an edge cover. 
• Then for each vertex 𝑣∈𝑆 there exists at least one edge 𝑒∈𝐸 incident with 𝑣.
• By definition of independent set no two 𝑢,𝑣∈𝑆, have a common edge in 𝐸.
• Therefore |𝑆|≤|𝐸|
Examples from: http://www.csie.ntnu.edu.tw/~u91029/Domination.html
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

≤ dual

http://www.csie.ntnu.edu.tw/~u91029/Domination.html
https://northeastern-datalab.github.io/cs7240/
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Matching ≤ VC: what changes in bipartite graphs?

Thus, min VC at least the size of any matching
⇒ Size of any matching ≤ any VC

A VC needs to cover at least each edge from 
any matching

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
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matching = VC ... in bipartite graphs!

Kőnig-Egeváry theorem for bipartite graphs: 
Max matching equivalent to Min VC

Vertex cover (VC): set of vertices 
that covers all edges (orange)

Matching (Ind edge set): set of 
edges w/o common vertices (red) 

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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All for 4 problems become easy in bipartite graphs

Set 
Cover

Set 
Packing

Choose Vertices Choose Edges

Independent 
Set

Matching = 
Ind. edge set

Vertex Cover Edge Cover

= dual

complement

PTIME

= dual
complement
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LP (Linear Programming)
and duality gaps

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
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• A maximization problem M and a minimization problem N,
defined on the same instances (such as graphs, constraints) s.t.:
1. for every candidate solution M to M and every candidate solution N to N, 

the value of M is less than or equal to the value of N
2. obtaining candidate solutions M and N that have the same value proves 

that M and N are optimal solutions for that instance.

Dual Optimization Problem
(e.g., min edge cover)(e.g, max independent set)

https://northeastern-datalab.github.io/cs7240/
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A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf

𝑥(

𝑥)

200

300

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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x 1
x 6
x 0

upper bound!

A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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𝑥)
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300

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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x 0
x 5

(0,5,1)... certificate of optimiality

x 1

A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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x 0
x 5
x 1

(0,5,1)... certificate of optimiality

non-negative!

A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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then right side upper bound
for objective (x1 + 6x2)

≥ 1

A quick primer on Duality in Linear Programming
non-negative!

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf

≥ 6if and

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf

then right side upper bound
for objective (x1 + 6x2)

≥ 1 ≥ 6if and

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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LP relaxations of 
ILP problems

(Integer Linear Programming)
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? ?

Example: Minimal (Fractional) Vertex Cover in k-clique

Objective: min∑"∈ $𝑤𝑣 𝑤𝑣 +𝑤𝑢 ≥ 1 for each edge

0 ≤ 𝑤𝑣 ≤ 1 for each node for integral solution (ILP)

s.t.

𝑤𝑣 ∈ {0,1} for each node for fractional solution (LP)or

? ?

? ?

? ?

? ?

?

Minimal Integral Vertex Cover: Minimal Fractional Vertex Cover:

ILP: LP:

and

? ? ?

https://northeastern-datalab.github.io/cs7240/
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Example: Minimal (Fractional) Vertex Cover in k-clique

Objective: min∑"∈ $𝑤𝑣 𝑤𝑣 +𝑤𝑢 ≥ 1 for each edge

0 ≤ 𝑤𝑣 ≤ 1 for each node for integral solution (ILP)

s.t.

𝑤𝑣 ∈ {0,1} for each node for fractional solution (LP)or

0.5 0.5

0.5 0.5

0.5 0.5

1 1

1 1

1

Minimal Integral Vertex Cover: Minimal Fractional Vertex Cover:

ILP: 5 = k-1 LP: 3 = k/2

and

for k-clique

https://northeastern-datalab.github.io/cs7240/
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? ?

Example: Minimal (Fractional) Vertex Cover in k-clique

Objective: min∑"∈ $𝑤𝑣 𝑤𝑣 +𝑤𝑢 ≥ 1 for each edge

0 ≤ 𝑤𝑣 ≤ 1 for each node for integral solution (ILP)

s.t.

𝑤𝑣 ∈ {0,1} for each node for fractional solution (LP)or

? ?

? ?

? ?

? ?

?

Minimal Integral Vertex Cover: Minimal Fractional Vertex Cover:

ILP: LP:

and

? ? ?

https://northeastern-datalab.github.io/cs7240/
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Example: Minimal (Fractional) Vertex Cover in k-clique

Objective: min∑"∈ $𝑤𝑣 𝑤𝑣 +𝑤𝑢 ≥ 1 for each edge

0 ≤ 𝑤𝑣 ≤ 1 for each node for integral solution (ILP)

s.t.

𝑤𝑣 ∈ {0,1} for each node for fractional solution (LP)or

0.5 0.5

0.5 0.5

0.5 0.5

1

1

1

Minimal Integral Vertex Cover: Minimal Fractional Vertex Cover:

ILP: 3 = k/2 LP: 3 = k/2

and

for even cycle

https://northeastern-datalab.github.io/cs7240/
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? ?

Example: Minimal (Fractional) Vertex Cover in k-clique

Objective: min∑"∈ $𝑤𝑣 𝑤𝑣 +𝑤𝑢 ≥ 1 for each edge

0 ≤ 𝑤𝑣 ≤ 1 for each node for integral solution (ILP)

s.t.

𝑤𝑣 ∈ {0,1} for each node for fractional solution (LP)or

?

?

Minimal Integral Vertex Cover: Minimal Fractional Vertex Cover:

ILP: LP:

and

? ? ?
? ?

?

? ?

https://northeastern-datalab.github.io/cs7240/
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0.5 0.5

0.5

1 1

Example: Minimal (Fractional) Vertex Cover in k-clique

Objective: min∑"∈ $𝑤𝑣 𝑤𝑣 +𝑤𝑢 ≥ 1 for each edge

0 ≤ 𝑤𝑣 ≤ 1 for each node for integral solution (ILP)

s.t.

𝑤𝑣 ∈ {0,1} for each node for fractional solution (LP)or

1

Minimal Integral Vertex Cover: Minimal Fractional Vertex Cover:

and

0.5 0.5
ILP: 3 = (k+1)/2 LP: 2.5 = k/2

for odd cycle

https://northeastern-datalab.github.io/cs7240/
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Duality b/w
independent vertex sets

and edge covers
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A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf

Primal: Independence (Vertex) set

non-negative multiplier per edge

𝑢1
𝑢2
𝑢3

𝑣1+ 𝑣2 ≤ 1
𝑣1 + 𝑣3 ≤ 1

𝑣2+ 𝑣3 ≤ 1

(𝑢1+ 𝑢2)𝑣1+ (𝑢1+ 𝑢3)𝑣2+ (𝑢2+ 𝑢3)𝑣3 ≤ 𝑢1+ 𝑢2 +𝑢3

≥ 1if
for each vertex

≥ 1 ≥ 1 then the right side ∑* 𝑢𝑗
is an upper bound for 
the primal objective ∑+ 𝑣𝑖

𝑣3𝑣2

𝑣1

≤ 1≤ 1

≤ 1

max	𝑣1+ 𝑣2+ 𝑣3 , s.t.
𝑣1+ 𝑣2 ≤ 1
𝑣1+ 𝑣3 ≤ 1
𝑣2+ 𝑣3 ≤ 1

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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A quick primer on Duality in Linear Programming

Example taken from: Dasgupta, Papadimitriou, Vazirani. Algorithms. 2006. http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf

Primal: Independence (Vertex) set

(𝑢1+ 𝑢2)𝑣1+ (𝑢1+ 𝑢3)𝑣2+ (𝑢2+ 𝑢3)𝑣3 ≤ 𝑢1+ 𝑢2 +𝑢3

≥ 1if
for each vertex

then the right side ∑* 𝑢𝑗
is an upper bound for 
the primal objective ∑+ 𝑣𝑖

≥ 1 ≥ 1

Dual: Edge cover

min	𝑢1+ 𝑢2+ 𝑢3 , s.t.
𝑢1+ 𝑢2 ≥ 1
𝑢1+ 𝑢3 ≥ 1
𝑢2+ 𝑢3 ≥ 1𝑣3𝑣2

𝑣1

≤ 1≤ 1

≤ 1

𝑢2

≥ 1

𝑢1

𝑢3

≥ 1

≥ 1

max	𝑣1+ 𝑣2+ 𝑣3 , s.t.
𝑣1+ 𝑣2 ≤ 1
𝑣1+ 𝑣3 ≤ 1
𝑣2+ 𝑣3 ≤ 1

https://northeastern-datalab.github.io/cs7240/
http://algorithmics.lsi.upc.edu/docs/Dasgupta-Papadimitriou-Vazirani.pdf
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Independent Sets & Edge covers in the Triangle

Fractional matching (edge packing) (𝜈∗) 
max sum of weights 𝑢1, 𝑢2, … 𝑢ℓ ≥ 0 on edges (relations)

s.t. for all xi: ∑&:(! ∈ )" 𝑢& ≤ 1

𝜏∗ = 𝜈∗

½

≤ 1

½

½

Fractional vertex cover(𝜏∗)
min sum of weights 𝑣1, 𝑣2, … 𝑣𝑘 ≥ 0 on vertices (variables)
s.t. for all E(i,j): 𝑣𝑖 + 𝑣𝑗 ≥ 1

min	𝑣1+ 𝑣2+ 𝑣3 , s.t.
𝑣1+ 𝑣2 ≥ 1
𝑣1+ 𝑣3 ≥ 1
𝑣2+ 𝑣3 ≥ 1

min	𝑢1+ 𝑢2+ 𝑢3 , s.t.
𝑢1+ 𝑢2 ≤ 1
𝑢1+ 𝑢3 ≤ 1
𝑢2+ 𝑢3 ≤ 1

½½

½

≥ 1𝜏∗=	min	∑* 𝑣𝑖

𝜈∗=	max	∑& 𝑢𝑗

https://northeastern-datalab.github.io/cs7240/
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Independent Sets & Edge covers in the Triangle

Fractional edge cover (𝜌∗) 
min sum of weights 𝑢1, 𝑢2, … 𝑢ℓ ≥ 0 on edges (relations)

s.t. for all xi: ∑&:(! ∈ +" 𝑢& ≥ 1

𝛼∗ = 𝜌∗

½

≥ 1

½

½

Fractional independence number (𝛼∗)
max sum of weights 𝑣1, 𝑣2, … 𝑣𝑘 ≥ 0 on vertices (variables)
s.t. for all E(i,j): 𝑣𝑖 + 𝑣𝑗 ≤ 1

max	𝑣1+ 𝑣2+ 𝑣3 , s.t.
𝑣1+ 𝑣2 ≤ 1
𝑣1+ 𝑣3 ≤ 1
𝑣2+ 𝑣3 ≤ 1

min	𝑢1+ 𝑢2+ 𝑢3 , s.t.
𝑢1+ 𝑢2 ≥ 1
𝑢1+ 𝑢3 ≥ 1
𝑢2+ 𝑢3 ≥ 1

½½

½

≤ 1𝛼∗ =	max	∑* 𝑣𝑖

𝜌∗ =	min	∑& 𝑢𝑗

https://northeastern-datalab.github.io/cs7240/
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𝑣2 𝑣3

Fractional vertex cover in the triangle
# https://sagecell.sagemath.org/
# inequalities: -1+v1+v2>=0, -1+v2+v3>=0, -1+v1+v3>=0, 1-v1>=0, 1-v2>=0, 1-v3>=0
p = Polyhedron(ieqs = [[-1,1,1,0],[-1,0,1,1],[-1,1,0,1],[0,1,0,0],[0,0,1,0],[0,0,0,1]])
p.plot()

min	𝑣1+ 𝑣2+ 𝑣3 , s.t.
𝑣1+ 𝑣2 ≥ 1
𝑣1+ 𝑣3 ≥ 1
𝑣2+ 𝑣3 ≥ 1

½½

½

≥ 1

(1,1,0): 2

𝑣3

𝑣1
𝑣2

(1,0,1): 2(1,0,1): 2

(0.5,0.5,0.5): 1.5𝑣2

𝑣3

𝑣1
(0.5,0.5,0.5): 1.5

0,0,1 : 1

(1,0,0): 1

(0,1,0): 1

𝑣1

≥ 1

≥ 1

not feasible

https://northeastern-datalab.github.io/cs7240/
https://sagecell.sagemath.org/
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Fractional vertex cover in bipartite graph
# https://sagecell.sagemath.org/
# inequalities: -1+v1+v2>=0, -1+v2+v3>=0, 1-v1>=0, 1-v2>=0, 1-v3>=0
p = Polyhedron(ieqs = [[-1,1,1,0],[-1,0,1,1],[0,1,0,0],[0,0,1,0],[0,0,0,1]])
p.plot()

min	𝑣1+ 𝑣2+ 𝑣3 , s.t.
𝑣1+ 𝑣2 ≥ 1
𝑣1+ 𝑣3 ≥ 1

0

1

≥ 1

𝑣2

𝑣3

𝑣1

(0,0,1)

(0,1,0)

𝑣1

≥ 1

(1,0,0): 1
a

b

c

(0,1,1): 1

(1,0,0) : 1

(1,0,0): 1
𝑣2 𝑣3

0

https://northeastern-datalab.github.io/cs7240/
https://sagecell.sagemath.org/
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Outline: T3-2: Cyclic conjunctive queries

• T3-1: Acyclic conjunctive queries
• T3-2: Cyclic conjunctive queries

– 2SAT (a detour)
– Tree decompositions
– Decompositions of hypertrees
– Duality in Linear programming (a quick primer)
– AGM bound (maximal result size for full CQs)
– Worst-case optimal joins & the triangle query
– Worst-case optimal joins & the 4-cycle
– Optimal joins & the 4-cycle

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

https://northeastern-datalab.github.io/cs7240/
https://northeastern-datalab.github.io/cs7240/
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What do we know about
bounding the size of the

answer?
(. . .and enumerating all solutions)

32
Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/
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Upper bound
Observation: If the hypergraph has edge cover number ⇢ and
every relation has size at most N, then there are at most N⇢ tuples
in the answer.

33
Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/
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minimal edge cover

Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/
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Lower bound
Observation: If the hypergraph has independence number ↵, then
one can construct an instance where every relation has size N at
the answer has size N↵.

Definition of the relations:
If variable A is in the independent set, then it can take any
value in [N].
Otherwise it is forced to 1.

34

maximal independent set

Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

Lower bound
Observation: If the hypergraph has independence number ↵, then
one can construct an instance where every relation has size N at
the answer has size N↵.

Definition of the relations:
If variable A is in the independent set, then it can take any
value in [N].
Otherwise it is forced to 1.

34

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/
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Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/
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Example: triangles

A1

A2 A3

Upper bound

Two kind of values for A1:
Light: can be extended to at most

p
N ways to A2.

)  N ·
p
N answers with light A1

Heavy: can be extended to at least
p
N ways to A2.

) 
p
N heavy values ) 

p
N · N answers with heavy A1

) At most 2 · N3/2 answers.
36

Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/
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Example: triangles

[
p
N]

[
p
N] [

p
N]

Lower bound

Allow every variable to be any value from [
p
N] ) N3/2 answers.

The correct bound N3/2 is between
N↵ = N1 and N⇢ = N2.

36
Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/
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Example by: Marx. "Graphs, hypergraphs, and the complexity of conjunctive database queries", ICDT 2017. http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

http://edbticdt2017.unive.it/marx-icdt2017-talk.pdf
https://northeastern-datalab.github.io/cs7240/


382Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

1 1
1 2
1  3
2 1

A  B
R

1 1
2 1
3  1
1  2

B  C
S

1  1
2 1
3  1
1  2

C  A
T

2 2
2 3
3  1
3  2

2  2
3  2
1  3
2  3

2  2
3  2
1  3
2  3

3  3 3  3 3  3

Q∆ (A,B,C) = R(A,B) ⋈ S(B,C) ⋈ T(C,A)

R

S

T

1 2 3
A

1
2

3B 1
2

3

C

A B 
1
2
3

1
2
3

C
1
2
3

A 
1
2
3

R S T

Q(x,y,z) :- R(x,y), S(y,z), T(z,x).

A tight example for AGM bound O(n1.5) for triangle Q∆

𝑛 = 9 number of tuples per relation (= DB size for self-joins)
Q(x,y,z) :- R(x,y), R(y,z), R(z,x).𝑚 = 𝑛 = 3 domain size

|𝑂𝑈𝑇| = 𝑛(.1 = 27 output tuples

Notice every tuple is part 
of 3 join results, e.g.
shown here for R(1,1)

https://northeastern-datalab.github.io/cs7240/
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0 1
0 2
...

0 m

A  B
R

1  0
2  0
...

m 0

B  C
S

0 1
0 2
...

0 m

C  A
T

1 0
2  0
...

m 0

0 1
0 2
...

0 m

1  0
2  0
...

m 0
r  r r r r  r

Q∆ (A,B,C) = R(A,B) ⋈ S(B,C) ⋈ T(C,A)

Q(x,y,z) :- R(x,y), S(y,z), T(z,x).

When binary joins give O(n2) intermediate sizes for Q∆

𝑛 = 2𝑚 + 1 tuples per relation
𝑚+ 2 domain size
|𝑂𝑈𝑇| = 1 output tuple

|R⋈BS| = |R⋈AT| = |S⋈BT| = m2 = Θ(n2)

A B 
0
1
2

0
1
2

C
0
1
2

A 
0
1
2

R S T

...
m

...
m

...
m

...
m

r r r r

R

⋈

S
B T

⋈AC

R

⋈

T
A S

⋈BC

S

⋈

T
B R

⋈AC

In whatever sequence we join 
the three tables, the size of the 
first join will always be Θ(n2)

https://northeastern-datalab.github.io/cs7240/
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0  1
0  2
...

0 m

A  B
R

1  0
2  0
...

m 0

B  C
S

0  1
0  2
...

0 m

C  A
T

1  0
2  0
...

m 0

0 1
0  2
...

0 m

1  0
2  0
...

m 0
r  r r  r r  r

Q∆ (A,B,C) = R(A,B) ⋈ S(B,C) ⋈ T(C,A)

Q(x,y,z) :- R(x,y), S(y,z), T(z,x).

Solution: partition the data

A B 
0
1
2

0
1
2

C
0
1
2

A 
0
1
2

R S T

...
m

...
m

...
m

...
m

r r r r

𝑛 = 2𝑚 + 1 tuples per relation
𝑚+ 2 domain size
|𝑂𝑈𝑇| = 1 output tuple

RH
A

⋈

S
B T

⋈AC

RL
A

⋈

T
A S

⋈BC

R=RH
A ∪ RL

A

RH
A = {(a,b) ∈ R : |𝜎A=aR| > n0.5}

∪
RL

A = {(a,b) ∈ R : |𝜎A=aR| ≤ n0.5}

Trick: partition by outdegree, 
and use two plans in parallel!

https://northeastern-datalab.github.io/cs7240/
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Source: Alon, Yuster, Zwick. "Finding and counting given length cycles", Algorithmica, 1997. https://doi.org/10.1007/BF02523189

= "heavy": ∆ = E1/2 for triangle

k=2 for triangle

https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.1007/BF02523189

