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Pre-class conversations

e Last class recapitulation

— including a few solutions for examples from last class

« today: let's keep it interactive
— algebra
— relational algebra
— Codd's theorem

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Algebra and the connection to logic and queries

* Algebra

* Relational Algelbra

— QOperators
— Independence
— Power of algebra: optimizations

» Equivalence RA and safe RC (Codd's theorem)



What is “Algebra”?

« Algebra is the study of mathematical symbols and the rules for
manipulating these symbols

- e.g., Linear Algebra

21 2
— e.g., Relational Algebra ' é '
— e.g., Boolean Algebra 3x"— 2xy Tc
L I | | ] L
- e.g., Elementary algebra 3 4 3 45
- e.g., Abstract algebra (groups, rings, fields, ...)

Also watch "What is abstract algebra?", Socratica, 2016: https://www.youtube.com/watch?v=IP7nW_hKB7I
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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What is “Algebra”? <y
N

« Abstract algebra: studies algebraic structures, which consist of:

— A domain (i.e. a set of elements) )i C
— A collection of operators Xey
» each of arity d; maps a domain of sequences (xy,...,X4) to an element y of its codomain (usually that is also the domain)

— Aset of axioms (or identities) that these operators must satisfy.
* e.g.commutativity: x@yz=y@®x or D(xy)=D(y,x) or op(xy)=op(yx)

« Examples:
— Boolean algebra: ({true,false},{A,V,-})

Ring of integers: (z,{+, . . : . : . :
ns _ integers: (z,{+, 1) =— ring: set equipped with two bivary operations with certaiv
~ Relational algebra properties like distributivity of multiplication over addition

« The definition of an operator allows for composition:

- e.g. op1(opz(X),opl(v,opr,Z)))

Based on material by Benny Kimelfeld and Oded Shmueli for 236363 Database Management Systems, Technion, 2018.
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Function composition

INPUT
x=3

¥
(
FUNCTION f:
xz

) AN
fix)=9
INPUT j{

FUNCTION g:
x+1

%
OUTPUT
9(f(x))=10

Sources: https://www.coursehero.com/sg/college-algebra/composition-of-functions/, https://upload.wikimedia.org/wikipedia/commons/2/21/Function_machine5.svg,

x=3
Input $

gx)=5x+9

$ Output
g9(3) =24
Input $
f(x) =100 - 3x

$ Output
f(g(3)) = f(24) = 28

f(g(x)) = f(5x + 9)
=100 - 3(5x +9)
=100 - 15x - 27
=73 - 15x

f(g(3)) =73 - 15(3)
=73-45
=28

function

fog
function

gy O%

function

f

[f o gl(x) = f1g(x)]

Let's find FoG(x) of two example equations:

f(x)=x+2

Whatis | f © g](x)?
[/ ogl(x)= flg(x)]
[/ ogl(x)= f[x*+1]
[fogl(x)=(x"+1)+2
[fogl(x)=x"+3

g(x)= x*+1

https://en.wikibooks.org/wiki/Algebra/Functions , http://www.statisticslectures.com/topics/compositionoffunctions/

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Distributivity = efficient factorization

wWhat is the shortest f?
path from s to +7

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Distributivity = efficient factorization

min[a+d,a+e,a+f,a+g, .., c+g]

Min[3+2, 2+4, 3+7, 2+9, ..., 0+D]

?

What is the shortest
path from s to +7

Answer: 5 =3 + 2

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Distributivity = efficient factorization

min[a+d,a+e,a+f,a+g, .., c+g]

Min[3+2, 2+4, 3+7, 2+9, ..., 0+D]

=min[a, b,c] + min|[d, e, f g]
min[3,5,] + min(2,4,7,9]

What is the shortest
path from s to +7

min[x,yl+z = min[(x+2), (y+2)]
Answer:5 =3 + 2 (+ distributes over win)

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Distributivity = efficient factorization

(Tropical scvmrlw@) - o | |
o Sem”—mg (]R min,+ °°,O) Erlnuple'ofoptlma.llt.y.from Dynamic Erggrammlng:
irrespective of the initial state and decision, an optimal

solution continues optimally from the resulting state

min[a+d,a+e,a+f,a+g, .., c+g]

Min[3+2, 2+4, 3+7, 2+9, ..., 0+D]

=min[a,b,c] + min[d, e, f g]

min(3,5,6]1 + min(2,4,7,%]

What is the shortest
path from s to +7

min[x,yl+z = min[(x+2), (y+2)]
Answer:5=3 + 2 (+ distributes over wmin)

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 10
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Distributivity = efficient factorization

How many paths are ?
there from s +o +7

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Distributivity = efficient factorization

How mawny paths are
there from s +o +7

Answer: 12 =23 - 4

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Distributivity = efficient factorization
(Ring of real numbers)

e Semiring (R,+,-,0,1)

count[a-d,a-e,a-fa-g, .. c-g]
commt11, 11,11, 11, .., 11]
12
= count[a, b, c] - count [d, e, {, g]
cont (1117 - comnt[1A1N]

How mawny paths are
there from s +o +7

+[X/\'(] T = +[X°Z’M'Z‘]
Answeri12 =3 - 4 (- distributes over +)

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Distributivity = efficient factorization

« Semiring (S5,8,&,0,1) Sewirings generalize this idea

Pla®d, a®e, a®f, ag, ..., cXg]

=®la, b, c] ® ©Dld, e, f g

DPxy] Rze=DxR®zyR 2]
(&R distributes over @)

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Matrix multiplication

A Adjaceney matrix, or Arcs
think of dots as ""s

1 2 in-vertex
1234567
1 ® o
2 ® )
>
4 5 £l 3 .
?40 @
§5 ®
6 ®
6 7 00

How many paths of
lewath 2 are there ?

from F to @7 "

Example graph taken from "Kepner, Gilbert. Graph algorithms in the language of linear algebra, 2011" https://doi.org/10.1137/1.9780898719918
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 15
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Matrix multiplication
A Adjaceney matrix, or Arcs

in-vertex in-vertex
A1234567 A1234567
1 ® o 1 ® o
” 2 ® ° 2 2 ® @
2 3 e 2 3 ®
2Adle o ® 2Adle o
3 5 ° 3 5 O
6 ® 6 ®
7 ® 7 ® 0 0
matrix
multiplication

How many paths of
lewathh 2 are there
from F to @7

Example graph taken from "Kepner, Gilbert. Graph algorithms in the language of linear algebra, 2011" https://doi.org/10.1137/1.9780898719918
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Matrix multiplication

How many paths of
lewathh 2 are there
from F to @7

Example graph taken from "Kepner, Gilbert. Graph algorithms in the language of linear algebra, 2011" https://doi.org/10.1137/1.9780898719918

out-vertex

A Adjaceney matrix, or Arcs

in-vertex

3 45

in-vertex

A 234567 A1 2

1 ® ® 1 ®

2 o 2

3 o 3

4 o 2 4le

5 3| 5

6 6

7 ® 74

matrix

multiplication

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

out-vertex
T

1
2

only diagonals and
F— are shown

in-vertex
2 34567

2

(2)

N

=0-0 +0-0 +11

+1-:0 +11 + ..

17



https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.1137/1.9780898719918

Matrix multiplication

A Adjaceney matrix, or Arcs

in-vertex
1234567
@ °

©

out-vertex
Nl oA N = >
@®
&

out-vertex
N OO DAWN = >

matrix

1 2
)

in-vertex

3 45

multiplication

How long is the "shortest
path" (mivimal sum of ?
weights) from 7 to 7 .

Example graph taken from "Kepner, Gilbert. Graph algorithms in the language of linear algebra, 2011" https://doi.org/10.1137/1.9780898719918

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

only diagonals and
F— are shown

in-vertex
A1234567
12
2
x
2 3 2
2 4 2
3| 5
6 2
7 2

=0-0 +0-0 +11
+1:0 +11 + ..

18


https://northeastern-datalab.github.io/cs7240/
https://doi.org/10.1137/1.9780898719918

Matrix multiplication
A Adyaceney matrix, or Arces only diagonals and

Neutral element oo instead of O 7—G are showw
in-vertex in-vertex in-vertex
1234567 A1234567 A1234567
1 °® ° 1 /"‘ o 1o
e 2\ ® 0/2’ ® \q g 2
2 3 23 _—— |2 2 3 °
g 4le > 4@ e g 4
: 2 6f N N S g
°
7 | 7 ® 0 0 7 ( 5\

Ho f[co+00, co+00,
$0, 4+9, ...]

How long is the "shortest
path" (mivimal sum of
weights) from 7 to 7

Example graph taken from "Kepner, Gilbert. Graph algorithms in the language of linear algebra, 2011" https://doi.org/10.1137/1.9780898719918
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 19
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The Relational Algebra

Company
° ; cid |CName StockPrice |[Country
In the relational algebra (RA) the elements are e o
— Arelation is a schema together with a finite set of tuples - menen s Japen
itachi 15 Japan
« RA has
— Unary: projection, selection
— Binary: union, difference, Cartesian product
« Each of the 5 is essential or " ": we cannot define it using the others

- We will see what exactly this means and how this can be proved

In practice, we allow many more useful operators that can be defined by the primitive ones
(thus also called )

— For example, equi-joins via Cartesian product and selection

Based on material by Benny Kimelfeld and Oded Shmueli for 236363 Database Management Systems, Technion, 2018.

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 20
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RA vs other Query Languages (QLs)

« There are some subtle (yet important) differences between RA and
other QLs. In RA, ...

— ... can tables have records?

?

— ... are missing ( ) values allowed?

?

— ... isthere any among records?

?

— ...i1s the answer dependent on the from which values are taken (not
just the database at hand)?

?

Based on material by Benny Kimelfeld and Oded Shmueli for 236363 Database Management Systems, Technion, 2018.
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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RA vs other Query Languages (QLs)

« There are some subtle (yet important) differences between RA and
other QLs. In RA, ...

— ... can tables have records?
 (RAvs. SQL)
— ... are missing ( ) values allowed?
 (RAvs. SQL)
— ... isthere any among records?
 (RAvs. SQL)
— ...i1s the answer dependent on the from which values are taken (not

just the database at hand)?
 (RA vs. unsafe RC)

Based on material by Benny Kimelfeld and Oded Shmueli for 236363 Database Management Systems, Technion, 2018.
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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Recall: Virtues of the relational model

"Separation of concerns": Physical independence (logical too), Declarative

again in System R and in Eagle, the big project at Santa
Teresa. Nevertheless, what kicked off this work was a key
paper by Ted Codd — was it published in 1970 in CACM?

« Simple, elegant clean: Everything is a relation Mike Blasgen: Yes.

Irv Traiger: A couple of us from the Systems Department
had tried to read it — couldn’t make heads nor tails out of it.
[laughter] At least back then, it seemed like a very badly
written paper: some industrial motivation, and then right

« Why did it take multiple years? into the math. [laughter]

. - Bob Yost: I went over there with several other people — I
- DO u bted |t cou | d be d one Effl cie ntly. was in the Advanced Systems Development Division — I
remember going over there in about 1970 to see this because
we were working with the IMS® guys at the time. We

i woe UFI" couldn’t believe it; we thought it’s going to take at least ten
e T System R is a database system built as a years before there’s going to be:anything, And it:was ten
-SYSTEMSYSTSQLSYSTEMSQLSYs

years. [laughter]

ASYSTEMSYSTSOLSYSTEMSQLSYSTE ‘¢ M
T . research project at IBM San Jose Research
ETEMSQLSY. Yo . . .
o Er:sL:sts: 3 (now IBM Almaden Research Cente r) in Irv ’Il‘ralfgerli So we hadhthl's[‘ 1310 gapgr; therfc: welrle a
3 Vsremsverso i LISV ETENa: . couple of other papers that Ted had written after that; one
= %;5';3;?;3‘3;3 jrect ‘ smusi?;?s?eﬁs?,: ‘-% the 1970's. SySte m R introduced the S QL on a language called DSL/Alpha’, which was based on the
AT cewsas 2 |3 guage and also demonstrated that a predicate calculus. Glenn Bacon, who had the Systems
EmsaL. LSy = lati | Id id d Department, used to wonder how Ted could justify that
‘L5!Z%E%%Z%Z%E%%E%E%E%%g&5;@ relational system could provide goo everybody would be able to write this language that was
°<;“,;,:5.!2;;"52‘3;?315.’?‘:;,"6—’9 transaction proces sin g pe rformance. based on mathematical predicate calculus, with universal
Year reunion” quantifiers and existential quantifiers and variables and

really, really hairy stuff.

See also: "The 1995 SQL Reunion: People, Projects, and Politic", edited by Paul Mclones 1997. https://www.mcjones.org/System R/SQL Reunion 95/index.html
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

23


https://northeastern-datalab.github.io/cs7240/
https://www.mcjones.org/System_R/SQL_Reunion_95/index.html

RDBMS Architecture

« How does a SQL engine work ?

SQL
Query

Declarative
query (from
user)

Relational Algebra allows us +o translate declarative
(SQL) queries into precise and optimizable expressions!

=)

e

Algebra (RA)

-

Relational A

Plan y

Translate to

relational algebra

expression

=)

/

-

Optimized
RA Plan

\

)

Find logically
equivalent- but
more efficient- RA
expression

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

=)

-

Execution

o

Execute each
operator of the
optimized plan!
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Algebra and the connection to logic and queries

* Relational Algebra
— QOperators

25



Relational Algebra (RA) operators Al eperators takein 1 or
more relations as inputs and

. . return another relation
e Five basic operators:

1. Selection: o

2. Projection: IT Two perspectives: we focus on the named perspective,

3. Cartesian Product: x where every attribute must have a uigue name, thus

4. Union: U attribute order does ot matter (contrast with vectors)
5. Difference: —

« Auxiliary operators (sometimes counted as basic):
« Extended RA

1. Duplicate elimination 6

6. Renaming: p ("rho")

e Derived

7. Joins < (natural, equi-join, theta join, semi-join) 2. Grouping and aggregation y

8. Intersection / complement 3. Sorting T

9. Division RDBWMSs use multisets (bags),
\ however in RA we will consider sets

Relational difference — can also be written as \ like set difference. "-" is used e.g. by [Silberschatz+'20], [Ramakrishnan+'03], [Garcia-Molina+2014], and [Elmasri+'15]
Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 26
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Relational Algebra (RA) operators

« Five basic operators:

1. Selection: ¢ ("sigma")
2. Projection: I

27



1. Selection (o)

o Returns all tuples which satisfy a
condition

« Notation: o_(R)

« Examples
— Employee(ssn,name,salary)
=~ Osalary > 40000 (EMployee)
= Opame = “smith” (EMployee)

« The condition c can be comparison
predicates =, <, £, >, >, <>
combined with AND, OR, NOT

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

Student(sid,sname,gpa)

5QL:
SELECT *

FROM  Student
WHERE gpa> 3.5

U
?

RA:

28
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1. Selection (o)

o Returns all tuples which satisfy a
condition

« Notation: o_(R)

« Examples
— Employee(ssn, name, salary)
=~ Osalary > 40000 (EMployee)
= Opame = “smith” (EMployee)

« The condition c can be comparison
predicates =, <, £, >, >, <>
combined with AND, OR, NOT

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

Student(sid,sname,gpa)

5QL:
SELECT *

FROM  Student
WHERE gpa> 3.5

RA: @

Ogpa >3.5(Student)

29
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1. Selection example

Employee
SSN Name Salary
1234545 John 20000
5423341 Smith 60000
4352342 Fred 50000

Osalary > 40000 (EMployee) @

?

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 30
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1. Selection example

Employee

) SSN Name Salary .
{('\A 1234545 John 20000 |,

( 5423341 |  Smith 60000 |,

(4352342 Fred 50000 ]

Osalary > 40000 (EMployee) @

SSN Name Salary
5423341 Smith 60000
4352342 Fred 50000

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 31
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2. Projection (II)

Student(sid,sname,gpa)

e Eliminates columns, then removes
duplicates (set perspective!)

| SQL:
+ Notation: Iy, an(R] SELECT DISTINCT sname, gpa
o Alternative: IT g, g5,(R) FROM Student
"project away" operator (not stavdard)
« Example: project on social-security J L
number and names:
— Employee(ssn, name, salary) RA:
— IT sy, name (EMployee)
— OQOutput schema: Answer(SSN, Name) >

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 32
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2. Projection (II)

Student(sid,sname,gpa)

e Eliminates columns, then removes
duplicates (set perspective!)

| SQL:
+ Notation: Iy, an(R] SELECT DISTINCT sname, gpa
« Alternative: II g; 3,(R) FROM Student
"project away" operator (not stavdard)
« Example: project on social-security J L
number and names:
— Employee(ssn, name, salary) RA:
- HSSN, Name (Employee) Hsname’gpa(StUdent)

— OQOutput schema: Answer(SSN, Name)

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 33
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2. Projection example

Employee
SSN Name Salary
1234545 Ciara 20000
5423341 Ciara 60000
4352342 Ciara 20000

IT hame (Employee)

U
?

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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2. Projection example

Employee
SSN Name Salary
1234545 Ciara 20000
5423341 Ciara 60000
4352342 Ciara 20000
IT hame (Employee) @
Name
Ciara

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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2. Projection example

Employee
SSN Name Salary
1234545 Ciara 20000
5423341 Ciara 60000
4352342 Ciara 20000

L1 name, salary (Employee)

U
?

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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2. Projection example

Employee
SSN Name Salary
1234545 Ciara 20000
5423341 Ciara 60000
4352342 Ciara 20000
L1 name, salary (Employee) @
Bag semantics
Name Salary
? Ciara 20000
O Ciara 60000

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/
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2. Projection example

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

Employee
SSN Name Salary
1234545 Ciara 20000
5423341 Ciara 60000
4352342 Ciara 20000
Which sewmantics is ’?
I hame, salary (Employee) @ more efficient? g
Bag semantics
Name Salary Name Salary
Ciara 20000 Ciara 20000
Ciara 60000 Ciara 60000
Ciara 20000

38
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Composing RA Operators

Patient Patient
no |name |zip disease il> zip disease
1 p1 98125 flu 98125 flu
2 p2 98125 heart 98125 heart
3 p3 98120 lung 98120 lung
4 p4 98120 heart 98120 heart
isase-neart Patient)) <L
zip disease
98125 heart
98120 heart

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/ 39
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Composing RA Operators

Patient
no name |zip disease
1 p1 98125 flu
2 p2 98125 heart
3 p3 98120 lung
4 p4 98120 heart
Oscnce-neari(Patient) <L
no |name |zip disease
2 p2 98125 heart
p4 98120 heart

How do we call what we see o +this page /
the property of these two operators

)

Patient

O-disease=‘heart’ (

S

O-disease=‘heart’(Patient)

Wolfgang Gatterbauer. Principles of scalable data management: https://northeastern-datalab.github.io/cs7240/

zip disease
98125 flu
98125 heart
98120 lung
98120 heart
Patient)) @
zip disease
98125 heart
98120 heart

40
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Composing RA Operators

"commuting operators”

Patient Patient
no name | zip disease zip disease
1 p1 98125 flu j> 98125 flu
2 p2 98125 heart 98125 heart
3 p3 98120 lung 98120 lung
4 p4 98120 heart 98120 heart
Oscnce-neari(Patient) <L isase-neart Patient)) <L
no |name |zip disease zip disease
2 p2 98125 heart 98125 heart
4 |p4  |98120 | hear j> 98120 heart

O-disease=‘heart’(Patient)
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Logical Equivalece of RA Plans

R(A,B)

? Do projection & selection
[14 (UA=5 (R )) < Og=5 (HA (R )) commute in this example?
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Logical Equivalece of RA Plans

R(A,B)

? Do projection & selection
[14 (0A=5 (R )) < Og=5 (HA (R )) commute in this example?

HB(GA=5(R)) (;) GA=5(HB(R)) What about here?
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Logical Equivalece of RA Plans R(AB)

! Do projection & selection
[y (0A=5 (R)) < Oa=5 (HA (R)) commute in this example? fes ©

R(g

[, (UA - (R)) (:) Oj—= (R)) What about here? No ©
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