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Outline: Acyclic conjunctive queries

• Acyclic conjunctive queries
– The semijoin operator
– Join trees & Yannakakis algorithm
– Query hypergraphs & GYO reduction
– A detailed Yannakakis example
– Full semijoin reductions

• Cyclic conjunctive queries
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Islands of Tractability of CQ Evaluation

• Major Research Program: Identify tractable cases of the combined complexity 
of conjunctive query evaluation.

• Note: Over the years, this program has been pursued by two different 
research communities:
- The Database Theory community
- The Constraint Satisfaction community

• Explanation:
Constraint Satisfaction Problem 

≡ [Feder,Vardi'93]
Homomorphism Problem

≡ [Chandra,Merlin'77) 
Conjunctive Query Evaluation



4

Acyclic queries

• Like many areas in computer science, cycles complicate things
- Same with conjunctive query (CQ) evaluation 

• Acyclic CQs are a large and useful tractable case CQs 
[Yannakakis'81]

• A query is acyclic if its relations can be placed in a tree such that 
- the set of nodes that contain any variable form a connected set
- Yannakakis’ algorithm (81): any acyclic query can be computed in time: 

O( |Input| + |Output| )
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Outline: Acyclic conjunctive queries

• Acyclic conjunctive queries
– The semijoin operator
– Join trees & Yannakakis algorithm
– Query hypergraphs & GYO reduction
– A detailed Yannakakis example
– Full semijoin reductions

• Cyclic conjunctive queries
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Semijoin (⋉)

• Find tuples in R for which there is a matching tuple in S
that is equal on their common attribute names.

• Example:
"Find actors who play some role."

Actor (aid, name, age)
Casts (aid, mid, role)
Movie(mid, name, year)

R ⋉ S = 𝜋&',…,&*(R ⋈ S)

?

where A1, …, An are the attributes in R

RA:

Intuition: remove "dangling tuples" in R
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Semijoin (⋉)

• Find tuples in R for which there is a matching tuple in S
that is equal on their common attribute names.

• Example:
"Find actors who play some role."

Actor (aid, name, age)
Casts (aid, mid, role)
Movie(mid, name, year)

R ⋉ S = 𝜋&',…,&*(R ⋈ S)
where A1, …, An are the attributes in R

RA:

Intuition: remove "dangling tuples" in R

Actor ⋉ Casts

SQL: ?
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Semijoin (⋉)

• Find tuples in R for which there is a matching tuple in S
that is equal on their common attribute names.

• Example:
"Find actors who play some role."

Actor (aid, name, age)
Casts (aid, mid, role)
Movie(mid, name, year)

R ⋉ S = 𝜋&',…,&*(R ⋈ S)
where A1, …, An are the attributes in R

RA:

Intuition: remove "dangling tuples" in R

Actor ⋉ Casts

SELECT *
FROM Actor
WHERE aid IN

(SELECT aid
FROM Casts)

SELECT DISTINCT
A.aid, name, age

FROM Actor A, Casts C
WHERE A.aid = C.aid

Semijoins have no "direct" 
representation in SQL 
(just like relational division)

Duplicates
in R are 
preserved!

RA

SQL:

Equivalent 
only if no dupli-
cates in R!
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Semijoins in Distributed Databases

• Semijoins are often used to compute equijoins in distributed databases
Goal: send less data to reduce network bandwidth!

𝜋6(𝑆)

𝑅 ⋉ 𝑆
𝑅(𝑋, 𝑌) 𝑆(𝑌, 𝑍)

R⨝ S

R⨝ S = (R ⋉ S)⨝ S law of semijoins
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Semijoins in Distributed Databases

Employee
SSN Name Stuff
. . . . . . . . . .

EmpSSN DepName Age Stuff
. . . . . . . . . ...

Dependent

Task: compute with minimum data transfer: 

Employee⨝SSN=EmpSSN (sage>71 (Dependent))
Assumptions: 
1. Very few employees have dependents.
2. Very few dependents have age > 71. 
3. “Stuff” is big.

Example by Dan Suciu

?
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Semijoins in Distributed Databases

Employee
SSN Name Stuff
. . . . . . . . . .

EmpSSN DepName Age Stuff
. . . . . . . . . ...

Dependent

Task: compute with minimum data transfer: 

Employee⨝SSN=EmpSSN (sage>71(Dependent))

R(SSN) =𝜋KLMNNO𝜎QRSTUV(Dependents)

L =Employee⨝SSN=EmpSSN R
=Employee ⋉SSN=EmpSSN (𝜎age>71(Dependent))
=Employee ⋉SSN=EmpSSN R

Answer=L⨝SSN=EmpSSN Dependent

Assumptions: 
1. Very few employees have dependents.
2. Very few dependents have age > 71. 
3. “Stuff” is big.

R

L

Example by Dan Suciu
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Semijoins in Distributed Databases

Employee
SSN Name Stuff

1 ... ...
2 ... ...
3 ... ...
... ... ...

1mio ... ...

EmpSSN DepName Age Stuff
1 Alice 72 ...
1 Bob 73 ...
1 Charly 50 ...
5 ... 15 ...
... ... ... ...

990900 ... 25 ...

Dependent

Task: compute with minimum data transfer: 

Employee⨝SSN=EmpSSN (sage>71(Dependent))
Assumptions: 
1. Very few employees have dependents.
2. Very few dependents have age > 71. 
3. “Stuff” is big.

Example by Dan Suciu

?

?
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Semijoins in Distributed Databases

Employee
SSN Name Stuff

1 ... ...
2 ... ...
3 ... ...
... ... ...

1mio ... ...

EmpSSN DepName Age Stuff
1 Alice 72 ...
1 Bob 73 ...
1 Charly 50 ...
5 ... 15 ...
... ... ... ...

990900 ... 25 ...

Dependent

Task: compute with minimum data transfer: 

Employee⨝SSN=EmpSSN (sage>71(Dependent))
Assumptions: 
1. Very few employees have dependents.
2. Very few dependents have age > 71. 
3. “Stuff” is big.

Example by Dan Suciu

1

1 ... ...

1 ... ... Alice 72 ...
1 ... ... Bob 73 ...
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• Definition: the semi-join operation is:

- Formally, R ⋉C S means: retain from R only those tuples that have some matching tuple 
in S (In bag semantics: duplicates in R are preserved /  Duplicates in S don't matter)

- Data complexity: O(|R| + |S|) ignoring log-factors 
- Input: R(A1,…,An), S(B1,…,Bm), Output: T(A1,…,An)

• The law of semijoins is:

- Thus, removing dangling tuples does not change the query result

Summary: Law of Semijoins

R ⋉Y S = 𝜋&',…,&*(R ⋈ S)

R ⋈ S = (R ⋉Y S) ⋈ S)
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Outline: Acyclic conjunctive queries

• Acyclic conjunctive queries
– The semijoin operator
– Join trees & Yannakakis algorithm
– Query hypergraphs & GYO reduction
– A detailed Yannakakis example
– Full semijoin reductions

• Cyclic conjunctive queries
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Acyclic Conjunctive Queries

• Definition: A conjunctive query Q is acyclic if it has a join tree.
• Let Q be a conjunctive query of the form 

Q(x) : ∃y [R1(z1) ∧ R2(z2) ∧ ... ∧ Rm(zm)]
Q(x) :– R1(z1), R2(z2),..., Rm(zm)

• A join tree for Q is a tree T =(V,E) such that:
- V: The nodes of T are the atoms Ri(zi), 1 ≤ i ≤ m, of Q.
- E: For every variable w occurring in Q, the set of the nodes of T that contain w

forms a (connected) subtree of T;
• {Rj(zj) ∈ V | z occurs in Rj (zj)} induces a connected subtree in T
• in other words, if a variable w occurs in two different atoms Rj(zj) and Rk(zk) of Q, then it occurs in each 

atom on the unique path of T joining Rj(zj) and Rk(zk) 
• also called: running intersection property
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Acyclic Conjunctive Queries

• Path of length 4 ?

• Cycle of length 4 ?

?

?
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Acyclic Conjunctive Queries

• Path of length 4 ?
- P4(x1,x4) : ∃x2 x3 [E(x1,x2) ∧ E(x2,x3) ∧ E(x3,x4)]

• Cycle of length 4 ?
- C4( ) : ∃ x1 x2 x3 x4 [E(x1,x2) ∧ E(x2,x3) ∧ E(x3,x4) ∧ E(x4,x1)]

?

?
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Acyclic Conjunctive Queries

• Path of length 4 ?
- P4(x1,x4) : ∃x2 x3 [E(x1,x2) ∧ E(x2,x3) ∧ E(x3,x4)]

• Cycle of length 4 ?
- C4( ) : ∃ x1 x2 x3 x4 [E(x1,x2) ∧ E(x2,x3) ∧ E(x3,x4) ∧ E(x4,x1)] ?

acyclic 
(join tree is path)
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Acyclic Conjunctive Queries

• Path of length 4 ?
- P4(x1,x4) : ∃x2 x3 [E(x1,x2) ∧ E(x2,x3) ∧ E(x3,x4)]

• Cycle of length 4 ?
- C4( ) : ∃ x1 x2 x3 x4 [E(x1,x2) ∧ E(x2,x3) ∧ E(x3,x4) ∧ E(x4,x1)]

acyclic 
(join tree is path)

cyclic 
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Acyclic Conjunctive Queries

• What about the following query?
- Q( ) : ∃ x y z u p w [A(x,y,z) ∧ B(y,p) ∧ C(y,z,p) ∧ D(z,u,p) ∧ F(u,p,w)]
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Acyclic Conjunctive Queries

• What about the following query?
- Q( ) : ∃ x y z u p w [A(x,y,z) ∧ B(y,p) ∧ C(y,z,p) ∧ D(z,u,p) ∧ F(u,p,w)]

Notice that it is not linear 
(thus resilience is NPC)

A B C D F
y

z

px
u
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Acyclic Conjunctive Queries

• What about the following query?
- Q( ) : ∃ x y z u p w [A(x,y,z) ∧ B(y,p) ∧ C(y,z,p) ∧ D(z,u,p) ∧ F(u,p,w)]

D(z,u,p)

C(y,z,p) F(u,p,w)

A(x,y,z) B(y,p)
Join Tree for Q
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[Yannakakis'81] Acyclic Conjunctive Queries

• Theorem [Yannakakis'81]:
- The Acyclic Conjunctive Query Evaluation Problem is tractable. 
- There is an algorithm for this problem with following properties:

• If Q is a Boolean acyclic conjunctive query,
then the algorithm runs in time: O(|Q| · |D|)

• If Q is a k-ary acyclic conjunctive query, k ≥ 1, 
then the algorithm runs in time: O(|Q| · |D| + |Q(D)|), 

• i.e., it runs in input/output polynomial time, 
which is the “right” notion of tractability in this case
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Yannakakis’ Algorithm for Boolean acyclic CQs

Basically the standard Dynamic Programming Algorithm
• Input: Boolean acyclic conjunctive query Q, database D
• Construct a join tree T of Q
• Populate the nodes of T with the matching relations of D.
• Traverse the tree T bottom up:
- For each node Rk(zk), compute the semi-joins of the (current) relation in the 

node Rk(zk) with the (current) relations in the children of the node Rk(zk).
• Examine the resulting relation R at the root of T
- If R is non-empty, then output Q(D) = 1 (D satisfies Q).
- If R is empty, then output Q(D) = 0 (D does not satisfy Q).
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Acyclic Conjunctive Queries

• Where are the semi-join reductions in following query:
- Q( ) : ∃ x y z u p w [A(x,y,z) ∧ B(y,p) ∧ C(y,z,p) ∧ D(z,u,p) ∧ F(u,p,w)]

D(z,u,p)

C(y,z,p) F(u,p,w)

A(x,y,z) B(y,p)
Join Tree for Q

?
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Acyclic Conjunctive Queries

• Where are the semi-join reductions in following query:
- Q( ) : ∃ x y z u p w [A(x,y,z) ∧ B(y,p) ∧ C(y,z,p) ∧ D(z,u,p) ∧ F(u,p,w)]

D(z,u,p)

C(y,z,p) F(u,p,w)

A(x,y,z) B(y,p)
Join Tree for Q

C(y,z,p) ⋉ A(x,y,z) = 
all triples (y,z,p) in C that 

"match" a triple (x,y,z) in A

π^_ π^∅

π^a π^b

π^c,d,M
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More on Yannakakis’ Algorithm

• The join tree makes it possible to avoid exponential explosion in intermediate 
computations.

• The algorithm can be extended to non-Boolean conjunctive queries using two 
more traversals of the join tree.

• There are efficient algorithms for detecting acyclicity and computing a join 
tree.
- 1984: Tarjan and Yannakakis: Linear-time algorithm for detecting acyclicity and 

computing a join tree.
- 1998: Gottlob, Leone, Scarcello: Detecting acyclicity is LOGCFL-complete
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Are join trees unique?

R(x,y),S(y,z), A(y)

?
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Are join trees unique?

R(x,y),S(y,z), A(y)

R(x,y) S(y,z)

A(y)

R(x,y) S(y,z)

A(y)

R(x,y) S(y,z)

A(y)
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Outline: Acyclic conjunctive queries

• Acyclic conjunctive queries
– The semijoin operator
– Join trees & Yannakakis algorithm
– Query hypergraphs & GYO reduction
– A detailed Yannakakis example
– Full semijoin reductions

• Cyclic conjunctive queries
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Query Hypergraph (vs. Dual Hypergraph)

x yv

u

z

w

A

B

CS1 S2 S3

D

x yv

u

z

w

A B CS1 S2 S3 D

Query hypergraph Query dual hypergraph

q : �A(x)S1(x, v)S2(v, y)B(y, u)S3(y, z)D(z, w)C(z)
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal
- remove ears (= edges)

• 1. remove isolated nodes (variables)
• 2. remove consumed or empty edges (atoms)
• (An ear is a hyperedge H such that we can divide its nodes into two groups: 
- those that appear in H and no other hyperedge, and 
- those that are contained in another hyperedge G.)

- Reduction sequence allows to build a join tree efficiently

• Background:
- Atom R(z) is empty if |z|=0
- Atom R1(z1) is contained in R2(z2) if z1 ⊆ z2

R(y,u,w),S(z,p,w),T(x,u,p),U(u,p,w)
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(y,u,w),S(z,p,w),T(x,u,p),U(u,p,w)

? ?
Join tree Query hypergraph
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms) x

y

u

z

p

w

R(y,u,w),S(z,p,w),T(x,u,p),U(u,p,w)

R S

T

U

?
Join tree
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms) x

y

u

z

p

w

R(y,u,w),S(z,p,w),T(x,u,p),U(u,p,w)

R S

T

U

R(y,u,w)
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms) x

u

z

p

w

R(y,u,w),S(z,p,w),T(x,u,p),U(u,p,w)

S

T

U

R(y,u,w) S(z,p,w)
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms) x

u p

w

R(y,u,w),S(z,p,w),T(x,u,p),U(u,p,w)

T

U

R(y,u,w) S(z,p,w) T(x,u,p)
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

u p

w

R(y,u,w),S(z,p,w),T(x,u,p),U(u,p,w)

U

R(y,u,w) S(z,p,w) T(x,u,p)

U(u,p,w)
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,u,p), W(u,p,w)

? ?
Join tree Query hypergraph
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

x y

u

z

p w

R

W

S

T

U

?
Join tree
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

x y

u

z

p w

R

W

S

U(z,p,w)

T(y,z,p)

W(u,p,w)R(x,y,z) S(y,p)

T

U
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

x y

u

z

p w

R

W

S

T

U

U(z,p,w)

T(y,z,p)

W(u,p,w)R(x,y,z) S(y,p)
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

y

u

z

p wW

S

T

U

U(z,p,w)

T(y,z,p)

W(u,p,w)R(x,y,z) S(y,p)

π^_
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

y

u

z

p wW

S

T

U

U(z,p,w)

T(y,z,p)

W(u,p,w)R(x,y,z) S(y,p)

π^_
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

y z

p w

S

T

U

U(z,p,w)

T(y,z,p)

R(x,y,z) S(y,p) W(u,p,w)

π^dπ^_
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S

GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

y z

p w

T

U

U(z,p,w)

T(y,z,p)

W(u,p,w)R(x,y,z) S(y,p)

π^dπ^_
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

y z

p w

T

U

U(z,p,w)

T(y,z,p)

W(u,p,w)R(x,y,z) S(y,p)

π^∅π^_ π^d
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

y z

p w

T

U

U(z,p,w)

T(y,z,p)

W(u,p,w)R(x,y,z) S(y,p)

π^∅π^_ π^d
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

z

p w

W(u,p,w)R(x,y,z) S(y,p)

U
T(y,z,p)

U(z,p,w)

π^∅

π^a

π^_ π^d
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

W(u,p,w)R(x,y,z) S(y,p)

T(y,z,p)

U(z,p,w)
π^a

π^c,M,b

π^_ π^dπ^∅
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

R(x,y,z), S(y,p), T(y,z,p), U(z,p,w), W(u,p,w)

W(u,p,w)R(x,y,z) S(y,p)

T(y,z,p)

U(z,p,w)
x y

u

z

p w

R

W

S

T

U

π^_ π^dπ^∅

π^a
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

• What about the triangle query?

R(x,y), S(y,z), T(z,x)

? ?
Join tree Query hypergraph
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GYO reduction (Graham-Yu-Ozsoyoglu)

• GYO Ear removal 
- remove ears (= edges)

• remove isolated nodes (variables)
• remove consumed or empty edges (atoms)

• What about the triangle query?

R(x,y), S(y,z), T(z,x)

R

T

x

y

z

S
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Acyclic queries

• "Consistency" = no dangling tuples (recall semi-join)
- locally consistent
- globally consistent

• One implies the other
- For all queries: global Þ local
- Acyclic queries: local Þ global; but not for cyclic queries!
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Reduction by Semi-joins

• Key insight for acyclic queries:
- If there are no dangling tuples, then the result can never shrink with an 

additional join
- Thus, for a "reduced database", every additional join can only increase the 

size of the intermediate query results
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• Definition: the semi-join operation is:

- Formally, R ⋉C S means: retain from R only those tuples that have some matching tuple 
in S (In bag semantics: duplicates in R are preserved /  Duplicates in S don't matter)

- Data complexity: O(|R| + |S|) ignoring log-factors 
- Input: R(A1,…,An), S(B1,…,Bm), Output: T(A1,…,An)

• The law of semijoins is:

- Thus, removing dangling tuples does not change the query result

Repetition: Law of Semijoins

R ⋉Y S = 𝜋&',…,&*(R ⋈ S)

R ⋈ S = (R ⋉Y S) ⋈ S)
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Yannakakis Algorithm

• Given: acyclic query Q
• Compute Q on any database in time O(|Input|+|Output|)
• We use the join tree!
• Step 1: semi-join reduction (two sweeps)
- Pick any root node x in the tree decomposition of Q
- Do a semi-join reduction sweep from the leaves to x
- Do a semi-join reduction sweep from x to the leaves

• Step 2: use the join tree as query plan; compute the joins bottom 
up, with early projections
- Notice that step 2 can be pushed into the top-down sweep
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Application

Q(x,y,z,u,v,w) :- R(x,y),S(y,z),T(z,u),K(u,v),L(v,w)

R(x,y)

a1
a1
a1
a2
a2
a2
a3
a3
a3

b1
b2
b3
b1
b2
b3
b1
b2
b3

x y
S(y,z)

b1
b1
b1
b2
b2
b2
b3
b3
b3

c1
c2
c3
c1
c2
c3
c1
c2
c3

y z
a1

a2

a3

b1

b2

b3

c1

c2

c3

• Domain as nodes
• Tuples as edges
• Equi-joins between tuples as shared domain 

R S
x y z
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Application

Q(x,y,z,u,v,w) :- R(x,y),S(y,z),T(z,u),K(u,v),L(v,w)

R(x,y)

a1
a1
a1
a2
a2
a2
a3
a3
a3

b1
b2
b3
b1
b2
b3
b1
b2
b3

x y
a1

a2

a3

b1

b2

b3

c1

c2

c3

• Domain as nodes
• Tuples as edges
• Equi-joins between tuples as shared domain 

R S
x y z

S(y,z)

b1
b1
b1
b2
b2
b2
b3
b3
b3

c1
c2
c3
c1
c2
c3
c1
c2
c3

y z
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Application

Q(x,y,z,u,v,w) :- R(x,y),S(y,z),T(z,u),K(u,p),L(p,w)

R S
x y z

T
u

K
p

L
w

1
2

m

...

• Intermediate relations of size up to m5 (notice m is here domain size!)
• But final answer can be as small as 0 (or 1...)
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Application

Q(x,y,z,u,v,w) :- R(x,y),S(y,z),T(z,u),K(u,p),L(p,w)

R S
x y z

T
u

K
p

L
w

• Intermediate relations of size up to m5 (notice m is here domain size!)
• But final answer can be as small as 0 (or 1...)

1
2

m

...

Semi-join reduction allows 
pre-processing in O(n)

/* then backwards: */
K := K ⋉ L
T := T ⋉ K
S := S ⋉ T
R := R ⋉ S

/* Forwards: */
S := S ⋉ R
T := T ⋉ S
K := K ⋉ T
L := L ⋉ K
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Outline: Acyclic conjunctive queries

• Acyclic conjunctive queries
– The semijoin operator
– Join trees & Yannakakis algorithm
– Query hypergraphs & GYO reduction
– A detailed Yannakakis example
– Full semijoin reductions

• Cyclic conjunctive queries
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• Dynamic Programming Algorithm over the join tree T = (V , E)
• Let T = (V, E) be a join tree of a query Q. Assign to each Rj(zj) ∈ V the 

corresponding relation Rj
D of D

• Given database instance D, decide Q(D) = ∅ as follows:
- In a bottom up traversal of T: compute semijoins of Rj

D

- If the resulting relation at root node is 
• empty, then Q(D) = ∅, 
• nonempty, then Q(D) ≠ ∅.

• Theorem:
- For ACQs Q: Deciding Q(D) = ∅ is feasible in polynomial time. 
- Computing Q(D) can be done in output polynomial time.

Deciding ACQs Efficiently [Yannakakis'81]
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Database Theory

R(y,z)

b1
b1
b4

c2
c1
c6

p
e1
e1
e4

f2
f1
f6

T(x,y,z)

a1
a1
a3
a3
a2

b1
b1
b3
b1
b2

c1
c2
c1
c4
c3

U(z )

c1
c2
c3

W(y,z,u)

Yannakakis Algorithm – Example R(y,z), S(p,w), T(x,y,z), U(z), W(y,z,u)

y z

S(p,w)
w x y z

z

∅ z

z y,z

b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

1. Bottom-up traversal (semi-joins)
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S(p,w)
w x y z

z

∅ z

z y,z

1. Bottom-up traversal (semi-joins)
2. Top-down traversal (semi-joins)

W(y,z,u)

b1
b1
b1
b2

d1
d1
d2
d2

c1
c2
c2
c2

uy z

b1
b1
b4

c1
c2
c6

y z
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y z

S(p,w)
x y z

z

∅ z

z y,z

uy z

1. Bottom-up traversal (semi-joins)
2. Top-down traversal (semi-joins)
3. Compute results in 2nd bottom-up traversal

- Or, better, just push computation of results into 
top-down traversal J

b1
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b2

d1
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uy z

p
e1
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f6
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e4

f1
f2
f6
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Recap

• The notions of query equivalence and containment
• The Homomorphism Theorem
• The complexity of query equivalence and containment
• Minimization of conjunctive queries
• Acyclic conjunctive queries
• The Yannakakis algorithm

Yet to be seen:
• What do we do with cycles?
• What about ranked retrieval?
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